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QSHm}3N*W3ZCgN CFf\HmGI^\J dVmN\J R_[IEb2WdSHKVmHmGq^7J:]SNR2W3JIJIW3¥bN ]{Z_QY^7GqWdG oZSQ²W3ZFGq[INR2W3[ŁGqN7VKVmNE3ZhGqN7VKVmNGI[qW3Q_JIHmGIHKEbQ
JIEbQ GW3Z_G?WdQﬁGO]HKQS]_HKf\N7JO¶ﬁZSHoQSEbZ_JcR;N\[ILN7GMGq[MEbQ GcVmEb[IJ]SNV {W3Q2W3VApFJMNe]lW*}3EbHK[ZSQSNf\EbQ_`a[MEbQ G?WdGIHKEbQ
]SHK[MN\f/GqNW*}bN7fiVmN\JuLEF]_v\VKN7J GIS^\Eb[MHK¶ﬁZSN7JoN/G	S]SW3QSJuVKN7Juf*W3Ju¶ﬁZSH§QSEbZSJuHmQﬁGI^\[MN\JIJMN\[MEbQ GªRSW3[uVXWgJMZSHmGINS]_N
Gq[IW3¶ﬁZSN\[wVKN7Ju¥b[qWdQS]SN\Jw]S^/`aEb[ILOWdGIHKEbQSJ©QZ_f\VK^\W3HK[MN\J7>S= QSHmGIHK^7N³]2W3QSJwVmN\JwW3QSQ_^\N\Jª«b´YR2Wd[oVmN\J GI[qW*}dW3ZFC]_N
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nZSQ]SN\Jª¥b[qW3Q_]SJªJMZSf\f7v\Jª]SNgVKWJMR$N7f7GI[IEbJMf\EbRSHmN
γ
W^/Gq^iV ^7GqZ_]SNh]_Z RSS^7QSEbLv\QSNi]SNiJIZSR;N\[ r
]S^7`aE3[ILOWdGqHmEbQQﬁZSf7VK^\W3HK[MNgE VmNhQ_E&pbW3ZUW3RSRSW3[qW,4mGof\EbLLONiZSQ N7VKVKHmRSJIE,5t]SNiWﬃCFHXWdV+]_Ng[qWdRSR$E3[MGª]lW&C_N7J
∼ k Tm@ !f7Eb[I[MN\JIR;EbQS]SW3Q G eZSQ R2W3[IW3Lv7Gq[MN]SNc]S^/`aEb[ILOWdGIHKEbQ β2 ∼ 0, 6 ³JMG?WdSHKVmHKJI^R2Wd[h]SN7JgN/¢§N/GqJ
¶ﬁZ2W3Q GqHm¶Z_N\Jc]SW3QSJZSQJMN\f7EbQS]R_ZSHmGIJ]_NR;E3GIN\Q GqHmN\V U¥b[qW3Q_]SNe]S^7`aEb[MLcWﬃGqHKE3Q>DnN/CFHKJsGqN\Q_f\N ]§{ZSQ_N













QSN7VKVmN\J³p[qW3JsGqJ³EbZUN C_f7HmGI^\N\JhW3JMJIEf\HK^7N\J ]SN²GqN7VKJPQSE0p WdZFCUJIZ_R$N7[I]S^/`aEb[IL^\J  _¦ ]2W3QSJ]SHC \E3QSN\J
]SNLOW3JIJMN]SHKJsGqHKQ_f7GqN7JT2VKN\Jw[M^\¥bHmEbQSJw]SNLcWdJIJIN± ∼ kﬃ ´ 2± ∼ @0b´ 2± ∼ @&j3´ 2± ∼ @*zb´ 2± ∼ b´ 2± ∼ «b´
N/G³[I^7f\N7LOLN\Q G³]SW3QSJ³VmN\J 7EbQSN7J³]SNYLOW3JIJMNg± ∼ @*«b´ ;± ∼  ´ ;± ∼ @b@0´cN/GP± ∼ k3´_>§¨©N\JQSE0p W3ZFC _¦ 
RS[M^\JMN\Q Gq^7J²JIZS[hVXWx2¥bZS[MNc=?>A@N\Q`aE3QSf7GIHKEbQ ]SNcVmN\ZS[i]S^/`aEb[ILOWdGqHmEbQ WﬃCFHXW3VmN aN/CFRS[MHKL^\NN\Q`aEbQ_f7GqHmEbQ
]SZ [IW3RSR;Eb[MGª]{WﬃCFN\JPEbZ ]SZ R2W3[IW3LOv/Gq[MNg]SNY]_^7`aEb[MLcWdGIHKEbQ
β2
 ;f\E3QSJMGIHmGqZ_N\Q GPZSQ VKW3$E3[qWdGIEbHK[MNiHm]S^*WdV




f7Eb[I[M^\VXWﬃGqHKE3QSJuEFf/GqZSR;EbVKW3HK[MN\Ju]2W3Q_Jªf7N\[MGqW3HKQ_JªQSE0pbW3ZFC _¦   >5®o^7f\N7LOLN\Q G	5ZSQQSEbZ_}3N*W3Z LOE]SN]SN
[ME3G?WdGIHKEbQ N CFE3GqHm¶Z_N W3R_R$N7VK^ º  EbSSVmHKQS¥ﬁ» WdJIJIEf\Hm^  ]SN7JOQ_E&pbW3ZFC _¦Gq[MHXWﬃCFHXWdZFC W ^/Gq^LOHmJ²N\Q
^/}FHm]SN\Q_f\N]2W3QSJwVmN\JuQSE0p WdZFC]SN2Wd`aQSHmZSL N7Go]SNVKZ_GI^\f7HKZSL lj  >5+EbZS[wRS[IE]SZSHm[IN³f7N\JwQSE0p WdZFC _¦ 2HmV













JIEbQ GoW3HmQSJIH$EbSJMN\[M}dW3_VKN\J gGq[Iv7Ju2W3Z_GIJ JIR_HKQSJ  MZSJI¶ﬁZ y3´
~
_QS^*W3Q_LOEbHmQSJ©R;EbZS[©VKN\J©QSE0p W3ZFC]SNPVXW
\EbQ_Ni]_NPLcW3JMJINP± ∼ @*b´ Sf7N\Jw^7GqWdGqJwR;N\Z_}3N\Q GªW3ZSJIJMH:JIZS_JIHKJsGqN7[ MZ_JI¶ﬁZ ]SN³GI[Iv7JoSW3JuJIRSHmQSJ !VmN³JIRSHmQ
VKN³R_VKZSJ SW3JuEbSJMN\[M}3^]2W3QSJuZSQeQSE0pbW3Z F¦ N7JMGw]SNP
~
FHKV$J\{W3¥bHmG ]SN³V HKJME3GqE3R$N 194  {y
  W0}dW3Q Gu]_N
JIN³]_^\JIN CFf\HmGIN\[u]2WdQSJ VKNoRSZSHAGqJ QSEb[ILOW3VmN\LN\Q G©]_^7`aEb[MLO^d>_¦³WdQSJ f\N/GIGIN \EbQ_N³]SN³LOW3JIJMNJMHmGqZ_^\NPW3ZFGqEbZS[
]SN\JiQSEbLgS[IN7JPLcW3¥3HK¶ﬁZSN\JﬂﬁﬃPb´N/G ﬃY@b@&k §VKNYRS_^\QSEbLv\Q_N]_NJMZSR;N\[I]_^7`aEb[MLcWdGIHKEbQUWeL  \LNY^7GI^
RS[I^7]SHmG PJIR_HKQQZ_V >ﬁ¦NoRSVKZSJ bVXW³x2¥3ZS[INo=?>k³[MN\RS[M^\JIN7Q GqN³VmN\JLEbLON7Q GqJ]HKQSN7[MGqHmNu]_pQ2W3LHK¶ﬁZSN7JN7Q
`aEbQSf/GqHKE3Q]SNhVXWY`a[I^7¶ﬁZSN\QSf7NY]SNi[IE3GqWdGqHmEbQ[IN\Q_Eb[ILOW3VKHmJI^7JuR2W3[oZSQ`!W3f/GqN7ZS[ª± 5/3 ]SN7J2W3Q_]SN\J _¦ ]SN7J
QSE0p W3ZC]SN\J 7EbQSN7J]_NuLcW3JMJIN ± ∼ 240 F@03´ _@0«3´ _@&jd´ _@0z3´ 33´³N7G«b´_>b¨©N\J}dW3VKN7ZS[IJ JINu]SHmJMGq[MHKSZ_N\Q G
W3Z_GIEbZS[w]SNf\N7VKVKNP]_ZLEbLN\Q Gu]HKQSN7[MGIHKNP]ZSQ[IE3GIEb[u[IHm¥bHK]SN]SN[qW3RSR;Eb[sGw]lW&C_N7J³kTA@ 
β ∼ ´ lj ©N7G 
R$E3ZS[ZSQSNw]S^/`aEb[ILOWdGqHmEbQYHm]SN\Q GqHm¶ﬁZSN VmN\JQSE0p WdZFC]SNwVXW 7EbQSNw]SNwLOW3JIJMNu± ∼ @0b´W*}bN7fª]SN7JLOEbLN\Q GIJ
]HKQSN7[MGqHmNPRSVKZ_Jo¥3[qW3QS]_Jo¶ﬁZSNi]2W3Q_Jo]§lW3ZFGq[IN7J 7EbQSN7Jª]SNLOW3JIJMNiW3ZS[IE3QﬁGo]SN7JoGI[qW3Q_JIHmGIHKEbQ_J _¦ ]_NGI[Iv7J
2W3JMJIN\Jo^\Q_N\[I¥3HKN\J  ∼ 300 dN />
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n+W JIZSR;N\[M]S^7`aE3[ILOWdGqHmEbQ ]SW3QSJcVKW 7EbQSN]SN LOW3JIJMN± ∼ @0b´ Q§{N7JMGRSW3JcVmNJMN\ZSVof*W3JOEV{E3Q
RSZSHmJIJINOGq[qWd¶Z_N\[g]_Nc¥b[IW3QS]SN7Jg]S^/`aEb[ILOWdGqHmEbQSJQﬁZSf\Vm^*W3Hm[IN7J SW3JgJMRSHKQSJ7> n:N7JgQSE0p WdZFC ]_NcVXW[I^7¥bHKEbQ
]SN\J³GIN\[M[IN\J r [IW3[IN7JPJIHmGIZS^\JPR_[Iv\JP]_NYVXWcVmHK¥bQ_Ng]^\LHKJMJIHKE3Q JIR;EbQ G?W3Q_^\N²]SNYR_[IE3GIEbQ JIEbQ GRS[M^\]SHAGqJ³R;EbZS[





R;EbJIJM^\]SN7[ D]SW3QSJYVmN\ZS[h^7G?WﬃGg`aEbQS]SW3LON7Q G?W3V +Z_QSNHKLR;Eb[MGqW3Q GqN]S^7`aEb[MLcWﬃGqHKE3QWﬃCFHKW3VKNd> nŁWxS¥bZS[INc=?>lz
[MN\RS[M^\JIN7Q GqNPVKN7J R_[I^\]_HKf7GIHKEbQ_J ]SNªf*W3Vmf\ZSVmJ ªW3[MGI[IN7N/r ¡2Efbr °©Eb¥3EbVKHmZS$E0}!N7¢$N\f/GqZS^7JuW*}bN7f³V HKQ GqN7[qW3f/GqHmEbQ
N/¢§N7f7GqHA}bN ¦g@  
 f\E3QSf\N7[IQ2W3Q G ©]ZSQSN RSW3[MG VKW R;EbJIHAGqHmEbQ ]_N VXWUVKHm¥bQSN]^\LHKJIJMHKEbQ£JIR;EbQ G?WdQS^\N
RS[ME3GqE3Q N/G	+]lWdZ_Gq[MNOR2Wd[MG	:VKWe}dW3VmN\ZS[]SZ R2W3[IW3LOv/Gq[MNO]SN]S^/`aEb[ILOWdGqHmEbQU¶ﬁZ2W3]S[MZSR$E3VXW3Hm[INWﬃCFHXWdV]SN\J






β2 ∼ 0, 4 >FBQcN\LRSVKE0p WdQﬁG ]SN\J©`!WdHKJIf7N*W3ZCJsG?W3SVmN\J HKV
 "!$#&%_=?>{z['@?D6XL /ML ?@9{; 176bO+.-J-0576"1/"BD5GH?U-ﬃIS+ﬂ/MLQ?f9>+aTULQ+U; 18; 176-c?@9PBD6"BD16Z9A?)#7+UE7T\6XL /XEA56p6E:-|;Q+C;`L 	@9A1
B_^ 5.I[LQ686L ?@9Z63F?@9ﬂ/8+U9A51]BD1S3.-0?F/2?@9[3P-c5aBfL /2176b3P+.- E:9ZO+U; OPE:;





β ∼ 0, 4 O?:-J-01763D?@9PB +UE7T 9A?)#7+UE7TCBD1K/21P-J-0176M-$+P-c176BD5_OﬂLQ1.9ﬂ/26
1P99A1.Eﬂ/X-0?@9A6
60 ≤ N ≤ 70 1/ 56 ≤ Z ≤ 64 
N7JMG HKLR$EbJMJIHmSVKN ]_NoR_[IE]SZSHK[MNw]SN\JQSE0p W3ZCWdZSJIJMH;^7VKEbHm¥bQS^7J]SNªVKWPVKHK¥3QSNu]SNwJMGqW3SHKVmHmGI^3> n:N\JQSEbZF}bN*WdZFC
`!W3HmJIf7N*W3ZFC [IW3]SHKEbW3f7GIHm`aJ Ł^/GqN\Q_]2W3Q G]SNc`!Wﬁﬀ7EbQ JMHK¥bQSHAx2f*WﬃGqHm}3NOV{^/}bN7QﬁGqW3HKV ]SN\JgQSE0p W3ZFC R$E3Z_}dW3Q G  7GI[IN
RS[MEF]_ZSHmGIJRSW3[[I^*Wdf7GqHmEbQ]SNo`aZ_JIHKE3QFr ^/}3WdR$Eb[IWdGqHmEbQdR$N7[ILN7GIGIN\Q G]S^\JMEb[ILOW3HmJ]_NoGI[qW3¶ﬁZSN7[ f7N\J©¥3[qW3QS]_N\J
]S^/`aEb[ILOWdGIHKEbQSJ7>
 	ﬃﬂ  -!   "
µ³Z2W3QS]²Q_EbZSJW*}bE3QSJf\EbLLN\QSf7^ f\N GI[qW*}dW3HKVﬁ]SN GISv\JMNbN7Q²f\Nu¶ﬁZSH_f7EbQSf7N\[IQ_NoVKW 7EbQSNu]SN LOW3JMJIN
± ∼ @*b´ _GI[IEbHmJuRS[IEb_VKv\LN\JuE3Z_}bN7[MGqJ 5R2W3[ILH]{W3Z_GI[IN7J 2JIZ_SJIHmJMG?WdHKN\Q GiT
' V{N CFHKJMGIN\QSf7N]SNf\Eb[M[I^\VKWdGqHmEbQSJ:Ef7GIZSR$E3VXW3Hm[IN\J§]2W3QSJŁ]SN7J QSE0pbW3ZFCiJIZ_R$N7[I]S^/`aEb[IL^\JT0]SN\J+LEF]SN7J
]_Ni}HK_[qWdGIHKEbQSJoRSVKW3¶ﬁZS^\JoJIZS[ª]SN\Jª`aEb[ILN\J _¦ W*}dW3HKN7Q G]S^  O^/Gq^gLHKJMN\JoN\Q ^/}HK]SN7QSf\NY]SW3QSJ




' R;EbZS[VKN SW3Z_Ge]SNUV HKV 3G	EbQ QSEdGqNUZSQ ]S^\JIW3f\f7Eb[I] N\Q Gq[MNUN/CFR$^7[IHmN\QSf7N N/GGqS^7Eb[IHmNUW0}3N\f 
QSE3GqW3LLON7QﬁG 0VKNLEbLON7Q GŁ]{HmQSN\[sGqHmN]FpFQSW3LOHm¶ﬁZSN]SZgQSE0pbW3Z 198 g¶ﬁZSHﬁN\JsG LOW3V [MN\RS[MEF]SZ_HmG
' W3Z]SN\Vi]_N ﬁﬃP k 3QSEbZSJ W*}bEbQSJGq[Mv\JR$N7Zc]SNo]SEbQSQ_^\N\J N7GV EbQ[IN7f\N\Q_JINJMN\ZSVmN\LN\Q G ¶ZSWdGq[MN
2W3Q_]SN\Jwp[qW3JsGqJ%_¦ f\EbQSQﬁZSN7J]2WdQSJwVKN\JuQ_E&pbW3ZFC 195,196,197 °©H:N/G 198  E {« >
¨{N7JMG]2WdQSJgVmNcSZ_Gg]SN]S^7¥ W3¥bN7[g]SNcQSEbZ_}3N\VKVmN\JhHKQ_`aEb[MLcWﬃGqHKE3QSJf\EbQSf7N\[MQ2W3Q G²f\N7JYGq[MEbHKJiR$E3HKQ GqJh¶Z_N
QSEbZSJW*}bEbQSJo[I^\W3VKHmJI^]SN7ZFCN/CFR$^7[IHmN\QSf7N\J³R;Eb[MGqW3Q G	2[MN\JIR;N\f/GqHA}bN\LN\Q G $JMZS[VmN\JwHKJME3GqEbR;N\J 197,198  N/G
196 °©H:JIZ_R$N7[I]S^/`aEb[IL^\J7>
¦ZS[IW3Q G f7NoGI[qW*}dW3HKVF]SNuGqSv7JIN VmN\JRS[MN\LHKN7[IJD`!W3HmJIf\N\W3ZFC[IW3]SHmE W3f7GIHm`aJ F= ®w±³nEbQ G ^/Gq^w]S^7VKHm}[M^\JR;N\[sr
LON/GIGqW3Q G³]SNYf7EbQSQ2W 4KGq[MN5¥b[ 3f\NgW3Z LYZSVAGqHm]S^7GIN\f7GIN\ZS[
γ
BD¸ª¯i¹P±P| §VXWJMGI[IZSf/GqZS[MNY]SNYQSE0pbW3ZFCGq[Iv7J
N/CFE3GIHK¶ﬁZSN\Jª¶ﬁZSH Q§{^/G?W3HmN\Q GRSW3J³W3f7f\N7JIJIHmSVKN7J³W*}bN7fgVmN\Jof\EbZSR_VKN\Jª2W3SHAGqZSN7VKJwf\HmSVKN7Jsr `!W3HKJMf\N*WdZFCeJMGqW3SVmN\J\>
3ZSJI¶ﬁZ wf\N MEbZS[ \HKVdQ{W0}dW3HAG:R2W3J:N7QSf\E3[IN^7GI^RS[IEbZF}b^¶ﬁZSNV EbQPRSZSHmJIJIN *¥b[ 3f\N uf\N]_HKJIR;EbJMHmGqHA` 7^/GqZS]_HKN\[
VXWYJsGq[IZ_f7GqZ_[IN]SNQSE0p W3ZCeN/CFE3GIHK¶ﬁZSN\JwN7QHmJIEbJMRSHKQRS[MEF]_ZSHmGIJ R2W3[u[M^*W3f/GqHKE3QSJu]SN³`aZSJMHKEbQFrt^7}dW3R;Eb[qWﬃGqHKE3Q>
ªEbZ_JuW*}bEbQSJu]_EbQSf³[M^*W3VmHKJI^oV ZSQSNª]SN\JuJMHACORS[MN\LHKv\[MN\J N CFR$^7[IHKN7QSf\N7J _= ®o±nU}HmJqW3Q G hR$N7ZSRSVKN7[ ]SN7J
QSE0p W3ZCc]_NVXWP[M^\¥bHmEbQO]_N\J GIN\[M[IN\J r [IW3[IN7J f7N\Q Gq[M^\NPW3ZFGqEbZS[]SN7J©QSE0pbW3ZFC 130 FL N7G 126 ª] FJMHmGqZ_^\JRS[Iv7J
]SNVXW²VKHm¥bQSN³]§{^7LOHmJIJIHmEbQJIR;EbQ G?WdQS^\Ni]SNRS[IEdGqEbQSJ  Bp = 0 />

	    &!    !"1 $ .
nŁN7J f\W3[qWdf7Gq^7[IHmJMGqHm¶ﬁZSN\JŁ¥b^7QS^\[IW3VKN7J+]_N\JŁLYZSVAGqHK]_^7GqN7f7GIN\ZS[MJ
γ
`aN\[MEbQ G+V EbMN7GŁ]_Zhf?2WdRSHmGI[INJIZSHA}dW3Q G
]SNf7NLO^7LOE3HK[INd>+¨©N\J²2WdJIN\JgQSEbZSJYJMN\[s}FHm[IEbQ G  ]S^\¥bW3¥bN\[hN\Q ¶ﬁZSEbH VKN7JgLYZSVAGqHm]S^7GIN\f7GIN\ZS[MJYB­® ¯r
°©±³nŁn =  GI[qW3JM$E3ZS[I¥N7GBD¸ª¯i¹P±P|¬W3Z ¹P± o= n JIEbQ GR2W3[MGIHKf7ZSVKHmv\[IN7LON7Q GoW3]2W3R_GI^\J%OV{^/GqZS]SN
]SN\J©QSE0p W3ZFCO]2WdQSJ©]SN7J f\E3QS]SHmGIHKEbQ_JN CGq[  7LON7J [IN7JIR;N\f/GqHm}3N\LN\Q Gu]SNoJIR_HKQN/G©]HKJMEbJIR_HKQ>F¨©EbQSf7N\[MQ2W3Q G





n:N\J²f?2W3R_HmGq[MN\J²z N/G² JMN\[IE3QﬁGf7EbQSJIW3f\[M^\JW3ZFCN/CFR;^\[MHKN\Q_f\N\JN/¢§N7f7GqZ_^\N\JW3Z_RS[Iv7J²]SZ ³== w®u¯ 
W*}bN\fVmNLYZSVAGqHm]S^7GIN\f7GIN\ZS[
γ
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f\EbQSQSW3HKJMJqW3QSf7N\J]SE3QﬁGQSEbZSJR2Wd[IVKHmEbQSJORS[I^7f\^\]_N\LLON7QﬁG\> = VKJO}bEbQ GR;N\[MLON/GIGq[MN ]^7GqW3SVKHm[cZSQ_N
¥b[qWd]2WdGqHmEbQ³]2WdQSJŁV {W3RSR2W3[sGqN7Q2W3QSf7N]{Z_Qi^7VK^7LON7QﬁG# Z_QSNf\VXWdJIJINWdVKEb[MJ¶ﬁZSN0]2WdQSJ:VXW©GIS^\Eb[MHKNf7VXW3JMJIHK¶ﬁZSN
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JIN7[qWOf7EbLRS[IHmJINN\Q Gq[MNg´N7Gi@gN/GE3Q W3Z_[qWZSQSNYWdRSRSVKHmf*WdGIHKEbQ[MN\Q }bE0pbW3Q GPZSQSN}dW3VKN7ZS[
N7QﬁGI[INi´N7G@b>
fA : X −→ [0, 1]
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GIHKEbQSJf*W3[IW3f7GI^\[IHmJMGIHK¶ﬁZSN\J7>: Wd[PN/CFN\LRSVKN ]SN7ZFCUJIE3ZSJsrtN\QSJMN\LYSVmN\J
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¶ﬁZSH:R$N7Z_GoJ\N/CFRS[MHKLN\[uf\E3LOLN²T ∀x ∈ X fA(x) ≤ fB(x) >
+EbZ_GIN`aE3QSf7GIHKEbQ
T : [0, 1]× [0, 1] −→ [0, 1] }3^\[IHAx5W3Q GoR$E3ZS[ GqEbZ_J x  y  z N7G t ]SN [0, 1] T


T (x, y) = T (y, x)
!VKWYf\EbLLYZ_GqWdGqHA}FHAGq^	
T (x, T (y, z)) = T (T (x, y), z)
aV {W3JIJMEFf7HXWdGIHm}HmGI^ 
T (x, y) ≤ T (z, t) JIH x ≤ z N7G y ≤ t !VKWYLOEbQ_E3GqEbQ_HKN 
T (x, 1) = x
a^\Vm^\LN\Q GwQSN\ZFGq[IN@ 
N7JMGoZSQEbR$^7[qWdGIN\ZS[u]§{HmQﬁGIN\[MJIN\f/GqHmEbQ af7` >Sx2¥3ZS[INP=M=?>m@&j W3RSR;N\VKVm^³GMrtQSEb[ILN aEbZeQSEb[ILN³Gq[MHXW3Q_¥bZSVXWdHK[IN	/>
¨©N/GIGqN³Gsr QSE3[ILNªR;N\Z_G  7Gq[MNP]S^7xSQSHKN³]_N³QSEbLY_[IN\Z_JIN\JuLOW3QSHmv\[MN\J©LOW3HmJ©f\N7VKVmN¶ﬁZSN³V{EbQcZ_GqHmVKHKJMNªVmNRSVmZSJ

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f\EbZ_[qW3LLON7Q G©N7JMG JMHKLRSVKN7LON7Q G©VKW`aEbQ_f7GqHmEbQ
min
>±HmQSJIH V{HmQ GqN\[MJIN7f7GqHmEbQ]SN³]SN7ZFCOJIEbZSJ r N7QSJIN7LYSVKN7J

EbZSJwR;EbZS[M[qW²J\^\f7[IHK[MNT
∀x ∈ X fA T B(x) = min(fA(x), fB(x))




¦NªLOW3QSHmv\[MNwW3Q2W3VmEb¥bZSN bVXWGsr f\E3QSEb[ILN !E3ZOf7EbQSEb[MLON GI[IHXWdQS¥bZSVKW3HK[MN +¶ﬁZSH5N7JMG]S^7xSQSHKNwR2W3[ZSQ_N
`aEbQSf/GqHKE3Q ⊥: [0, 1]× [0, 1] −→ [0, 1] }b^\[MHmx5WdQﬁGwR;EbZS[uGIEbZSJ x  y  z N/G t ]SN [0, 1] T


⊥ (x, y) =⊥ (y, x) aVXWYf7EbLOLgZ_G?WdGIHm}HmGI^ 
⊥ (x,⊥ (y, z)) =⊥ (⊥ (x, y), z) aV {W3JIJMEFf7HXWdGIHm}HmGI^ 
⊥ (x, y) ≤⊥ (z, t) JIH x ≤ z N/G y ≤ t aVXWYLEbQSE3GIEbQSHmN 
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f7EbLOLNi^7G?WdQﬁG³JIHKLRSVmN\LN\Q GZ_Q JIEbZSJ r N7QSJIN7LYSVKN
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EbZ ]SN









JIH |x− y| = 1
0.3
JIH |x− y| = 2
¨©EbLLNf7N\VKWN\JsGYHmVKVKZ_JMGq[M^²x2¥bZS[MNc=I=?>A@0« ŁVXºdE3LYS[IN*» 8 E3Z VXWeRS[IEMN\f7GIHKEbQ ]SNcf7N7GMGqNc[MN\VKWdGqHmEbQ
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EbZSN




















































yA {R(x, y)|y ∈ Y } ﬂ$o:u8tSu}yHzﬂu|b8buwFAx ΠY (y) =
yP {R(x, y)|x ∈ X} 
b
}   w J.  ﬀ[_S_ﬂ_ 7
606 	  	!4 	   12 . ﬀﬃ1F#&!8;"£ﬁ#O%\8;)+%IF"+%\ . a%  8;) %




1"/X-$+:3 7=?daB@-c1S-01.3P-c56{1P9ﬂ/21>; +[-01.;Q+ﬂ/MLQ?f9 f?@EA1S3F1.-JIZ1//8+:9ﬂ/
BD1 %@EP+:9ﬂ/ML f1.-; 1WBD1 	f-c5SB_^ LVBD1P9ﬂ/ML @O7+ﬂ/MLQ?@9\B_^E:9  LQO>L_3P+P--$+:3:3D?:- / (E:9 3DLQOKBD1e-05GH5.-01.9PO1 1G 
j
ﬃS9 9A1
O?@9A6XLVBDdP-c1 %@EU^ E:9A1]LVBD1.9ﬂ/ML _O+A/ML ?@9 P+A6{51p6E:-; +S3D?D6XL /ML ?@9]BD176w3DLQO6
j

1 ,LVObLﬂ+SE:9]BD1 	@-c5"B_^ LVBD1.9ﬂ/ML _O+A/ML ?@9
BD1 	  
ﬂ
3P+.--c+U3:3F?U- /b+:E3DLQOWBD1 -c5GH5P-c1P9PO1 ﬀ1G 
j
 EbZS[V{HmVKVKZ_JMGq[MN\[ ﬃQ_EbZSJRS[MN\QS]S[MEbQSJZSQ]S^/GqN\f/GqN7ZS[]SNw[I^7`a^7[IN7QSf\Nw¶ﬁZSN\Vmf\EbQ_¶Z_No]_EbQ GVKN JMR$N7f7Gq[MN
!RS[ME0}bN\QSW3Q G ]ZSQSN JIEbZS[Mf\N f\EbQ_QZ_NoN/CT 152 BZEbZ 56 ¨©E f\EbQ GIHKN\Q GRSVKZ_JIHKN7ZS[IJeRSHmf\J !VKW3$N7VKVm^\J





­ªQSN`aE3HKJgVKW f\E3[I[IN7JIR;EbQS]2WdQSf\Ne^7GqW3SVmHKNcN7Q Gq[INVKW R;EbJIHAGqHKE3Q N\Q f\W3Q2W3V ]_Nf\N\J²R_HKf\JgN7GVKN7ZS[h}dW3VmN\ZS[
N\Q ^\QSN7[I¥bHmN²G?W3SZ_VK^\N QSE3GI[INRS[MEFf7^\]SZS[MN²}3W[MN\f\E3QSQ2W,4mGq[IN :]SN²`!Wﬁﬀ\E3QUGIE3G?WdVKN\LN\Q GWdZ_GqEbLOWdGIHK¶ﬁZSNYN/G
Gq[Mv\Ji[qW3RSHm]SN\LN\Q G :W3Z RSVKZSJVmN\J  RSHmf\JJIHmLOHmVXW3Hm[IN\Jo]2W3Q_JhVmN\JPJIR;N\f/Gq[MN\JgN7Q JMEbZS[Mf\N]SN\Jgk3zbeW3Z_GI[IN7J
]S^7GIN\f/GqN\Z_[IJ³L  \LNJIHŁVKN7ZS[IJof*W3[IW3f7GI^\[MHKJMGIHK¶ﬁZSN7JJIE3QﬁGoGqEdG?W3VmN\LN\Q Go]SHm¢$^\[MN\Q GqN7Jª]SNhf\N7VKVKN7Jw]SZ JMR$N7f7Gq[MN
]SNc[M^7`a^7[IN\Q_f\NaJIN\Z_HKVRSVKZSJhEbZLEbHmQSJh^7VKN/}b^cR;EbZ_}dW3Q G  ]2WdQSJgf7N\[MGqW3HKQ_Jgf*WdJ +EFf7f\ZSVAGqN\[i]SN7JYRSHKf7Jh]_N
2W3JMJINi^\QSN7[I¥bHmN2N7f\W3f\HAGq^]SHm¢$^\[MN\Q GqN 2¶ﬁZ2W3VKHAGq^³]_ZJMR$N7f7Gq[MNhR_VKZSJuEbZLEbHKQSJ©$EbQ_QSN  >
























Q{N7JMGO[IHmN\Q ]{W3Z_Gq[MN¶ﬁZSNeVKWUR_[IE MN7f7GqHmEbQ£]SNeVXW [IN7VXWdGIHKEbQ





ﬂ	 H>	2ﬁ8__ _UW P  ﬀ
]SN7¥b[I^ª]HK]SN7QﬁGIHmx2f\WdGqHmEbQJIN\[IWhHm]SN\Q GqHAx2^%g®wN7` N/G EbQO[IN7f\EbLLON7QSf\Nªf\N/GIGqNªEbR;^\[qWﬃGqHKE3QOR;EbZS[f?2W3¶ﬁZSN
RSHmf³]SNP[M^7`a^\[MN\QSf7NN7GwR;EbZS[ f?2Wd¶Z_NhJMR$N7f7Gq[MN3>5nŁWgx2¥bZ_[INP=I=?>A@&ygHmVKVKZ_JMGq[MNf7N7GIGINPLO^/GqSE]SNP]2WdQSJuVKN³f\W3J
JMHKLRSVKNE V{E3Q QSNhf\EbQSJMHK]Sv7[INh¶Z_NYVXWR$EbJMHmGIHKEbQ>5 W3[³WdHKVKVmN\ZS[MJ 2EbQ R$N7Z_G`!W3f7HKVmN\LN\Q GªWdQSN\[ªf\N7GMGqN
L^7GISEF]_NcN\QV ^7GqN7QS]2W3Q G  RSVKZ_Jg]SN]_N\ZFC]SHKLN\Q_JIHKE3QSJ	aR$E3JIHmGIHKEbQ N7GYHKQ GqN7QSJIHAGq^ PN\Q R_[IN\QSW3Q G²N\Q
f7EbLORFGqNP]2W3Q_JoV{Hm]SN\Q GIHmx2f\WdGqHmEbQR2W3[wN/CFN\LRSVmNSV{^7f*W3[sGoW0}3N\fiVKNPRSVmZSJwRS[IEf?SNP}bE3HKJIHmQ>
.   e( #01S9+ sA! ﬂ a("$#01_#0!8;"
ªEdGq[INiRS[MEb¥b[qWdLOLN³JINiRS[M^\JIN7Q GqNYJMEbZSJoVXWY`aEb[ILN]ZSQ JMf\[IHmR_Gof\EbLRSHmVK^®u¯¯  z y +EV EbQ
WZ_GqHmVKHKJM^VKN\JhVKHmS[qW3Hm[IHmN\J³VmHK^\N7J  f\NR_[IEb¥b[IW3LLONR2W3[sGqHmf\ZSVmHKv\[MN\LN\Q GiW3]2WdR_Gq^  V {W3Q2W3VApJIN]SNc]SE3QFr
QS^7N\J³N7Q RS pJIHm¶Z_N3>nŁWRS[IEf\^7]SZS[INh]SNY[MN\f?SN7[If?SNW3ZFGqEbLOWdGqHm¶ﬁZSN]SN\JªRSHKf7J³WO^/Gq^hHKQSf7VKZSJMNh]2WdQSJVmN\J
VmHKS[IW3HK[MHKN\Jh®u¯¯  RSW3[|Eb[M  zb uR;EbZS[YGI[IEbZ_}3N\[]SN7JR_HKf\J²]SW3QSJZSQ JIR;N\f/Gq[IN
γ
JqW3QSJ;N\JMEbHKQ




 5, 9Ł( #0ﬂ3#0)+ﬀﬃ%ﬂb12
.
ﬀﬃ(%Y"8;!" %9A) "Ł 9ŁF©ŁF)Łﬀ&
ªE3ZSJiW0}3EbQSJPGqN7JMGI^Q_E3Gq[MNL^7GISE]SNW*}bN\fZSQ_Nf\W3VKHmS[qWﬃGqHKE3Q |N N7GiZSQSN²f\W3VKHmS[qWﬃGqHKE3QUk3´
|Ng>+n+Wef*WdVKHK_[qWdGIHKEbQ  |N W^7GI^O[M^*W3VmHKJM^\NW*}bN\fO]SN\ZC JIEbZS[Mf\N7Jg]SHA¢§^7[IN\Q GIN\JcT 152 BZ N/G 56 ¨©ES>
 "!$#&%=I=?>A@0W'),+.-$+PO/25P-ﬃL 68/ML %@EA176&BD16"68?@EA61.9A681.I :; 16b+A6{68?fOALQ56 C; + 3F?D6XL /MLQ?f9 





B O?:-J-01763D?@9PBD1P9ﬂ/  ;Q+(3D?D6XL /ML ?@9 -c1P;Q+ﬂ/ML A1W1/ (;Y^ LY9ﬂ/21.9A6XL /25C-01.; +A/ML A1WB_^ E:9
3DLQOeBD1-05GH5.-01.9PO1 3P+.-p-c+U3:3F?U- /  68?@9N3:;`EA6\3P-c?fO A1 A?fL 6Ls9 BD1PE7TO?@9PBfL /MLQ?@9A66E:3:3:; 5.IZ1.9ﬂ/8+DLY-0176C3F?@E:-
?@3ﬂ/MLsI>L 6{1P-; 176S-0576E:; /8+ﬂ/26BD1(9A?./X-c1 IK5/ A?@BD1
j
 «
}   w J.  ﬀ[_S_ﬂ_ 7
¯³Q \NRSHKf7J ]_N[M^7`a^7[IN\Q_f\N©E3QﬁG ^7GI^Z_GqHmVKHKJM^\J:]2WdQSJ VmNJIR;N\f7GI[IN]SZgR_[IN\LHKN7[:]S^7GIN\f/GqN\Z_[ Gq[MEbQSf7EbQSHK¶ﬁZSN w´_>
n:N\Jif*W3[IW3f7GI^\[IHmJMGIHK¶ﬁZSN\J]SN7JJIEbZSJ r N7QSJIN7LYSVKN7JhZFGqHKVmHKJM^\JPJIE3QﬁGiRS[M^\JMN\Q Gq^7N\JgJMZS[iVXWcx2¥bZ_[IN=I=?>A@0_>#FN7ZSVKN
VXW²JIE3ZS[If7Nh]SNh¨©EbSW3VmGoW^7GI^iZFGqHKVmHKJM^\NPR;EbZS[uVXW²f\W3VKHmS[qWdGIHKEbQk3´|N W*}3N\fgyRSHmf\Jw]SN[I^/`a^\[MN\QSf7N3>;n:N
JIR;N\f/Gq[INO]SN[I^7`a^7[IN7QSf\NZFGqHKVmHKJM^YN\JsGYf\N7VKZSH]SZ RS[IN7LOHmN\[P]S^/GqN7f7GqN7ZS[gGI[IEbQSf7EbQSHm¶Z_NOR;EbZS[VKN7¶ﬁZSN\VQSEbZ_J
W*}bEbQSJw] ^/G?W3_VKHK[ ZSQSNPf7Eb[I[MN\JIR;EbQS]SW3QSf\NPN7Q Gq[INPVKWgR;EbJIHAGqHKE3Q]SN\JuR_HKf\J©N7GwVKN7ZS[©^7QSN\[M¥bHKN³GqW3SZSVm^\N af7` >
VKN JMR$N7f7GI[INw]SZ2W3Z_GD]SNuVXWªxS¥bZS[INu=M=?>m@*/>3nŁNuJMR$N7f7GI[INw]SZ2W3JD]_NuVXWx2¥bZ_[INu=I=?>A@0³HmVKVKZ_JMGq[MN VmN [I^7JIZSVAG?WdG
]SNuVXW³f\W3VKHmS[qWﬃGqHKE3QgW3ZFGqEbLOWdGqHm¶ﬁZSN©i|N R;EbZS[DVmN ]S^/GqN\f/GqN7ZS[ ¨©3` «3v7LON f7[IHmJMG?WdV_]SZbv7LON f7VKZSJsGqN7[/>
n:N\J z yGq[IHKW3QS¥bVmN\JD[MN\RS[M^\JMN\Q GqN7QﬁG©VKNu[M^\JIZ_VmG?WﬃG ]_NoVKW³[IN7f?SN\[Mf?SNPW3Z_GIEbLOWdGqHm¶Z_N ]SNwRSHKf7J\>ﬁ W3[ILHSf\N7J©zby
RSHKf7J 2VmN\JuEbQ 7NRSHKf7Ju]SN[I^7`a^7[IN7QSf\NiEbQ GuGqEbZ_Jo^/Gq^[IN/Gq[MEbZ_}b^7JªN/GoVKN³[M^\JIZ_VmG?WﬃGw]SNf\N7GMGqNHK]_N\Q GqHAx2f*WdGIHKEbQ
N\JsGuHKQS]_HK¶ﬁZS^JMZS[©VKWix2¥3ZS[IN³R;EbZS[f\N7[MGqW3HKQSJ ]N\Q Gq[MNPN\ZFC$>S W3[©N CFN\LRSVKN _VKNªHKf«YWh^/Gq^³Hm]SN\Q GqHAx2^³WdZ
RSHKfP]_Ni[M^7`a^7[IN\Q_f\NgjW*}bN7fhZ_Q]SN7¥b[I^]HK]_N\Q GqHAx2f*WdGIHKEbQ]_Nh3«  2« ﬃP®oN/`j b´    >
 "!$#&%ª=M=?>m@0 ' *3D17O/X-01764BD1 BD1.E7T 6{?fE:-$O16 152 E 1/ 56 )?
j
ﬀ9 P+UEﬂ/ W; 1 63D17O/X-01 BD1*-05GH5P-c1.9PO1

BD5/21aO/21PE:- ﬀ 	  +A1aO ;Q+ O?U-ﬃ-c163F?@9PB:+U9PO1 1P9ﬂ/X-c1 ;Q+ 3F?D6XL /MLQ?f9 BD176 3DLQO6N1/ ;Y^ 5.9A1.- 	fLQ1 /8+:E:; 571 "&1.9




6L 	@9P+:; 1.9ﬂ/K; 176S3DLQO6&/X-c?fEA576
j
ﬃS9 #e+<LY9PBfL %@EA5\5 	:+:; 1.IZ1.9ﬂ/Z; 1\BD1 	@-05>B_^LQBD1.9ﬂ/ML @O7+ﬂ/MLQ?f9(BD1eO1.- /8+:Ls9A6Z+A1aO
; 16 3DLQO6>BD14-05GH5.-01.9PO1 "|+DLY9A6XL; 1
h
d.IZ1R3DLQO(/X-0?@EA5 O?U-ﬃ-c163F?@9PB+:E3DLVO BD1R-05GH5P-c1.9PO1 1G
ﬂ
+A1aONE:9
















ﬂ	 H>	2ﬁ8__ _UW P  ﬀ
n:N\J [I^7JIZSVAG?WdGIJ ¥b^7QS^\[IW3ZFCg]SN\J f*W3VmHKS[IWdGqHmEbQSJ:³|NN/Gk3´|NJMEbQ GDLEbQ Gq[I^7J ]2WdQSJ VmNGqW3SVKN\W3Zi=I=?>S>
+EbZS[+VXWuRS[IN7LOHmv\[MNf*W3VmHKS[IWdGqHmEbQ\E3QhEbFGqHKN7Q G by y  ]SN[I^7ZSJIJMHmGIN N/G ]2WdQSJ VKWuJIN\f7EbQS]SN© y {   &f3N\JsGMr
ﬃrt]SHK[MN¶ﬁZSNﬃ[IN7JIR;N\f7GIHm}3N\LN\Q G	3k3zbzuN7GDk3z3o]S^/GqN\f/GqN7ZS[IJ EbQ G RSZ  7GI[INf*W3VmHKS[M^\J:]SN`!Wﬁﬀ\E3QYW3Z_GIEbLOWdGqHm¶Z_N
JIW3QSJ W3ZSf\Z_QSN©HmQﬁGIN\[s}bN\Q GIHKEbQhZ_LcW3HmQSN3>0= VﬁN7JMGoQSEdGqN\[+¶ﬁZSN©VmN\J+«ªE3ZYjoW3Z_Gq[MN\J+]S^7GIN\f/GqN\Z_[IJ R_[I^\JMN\Q G?WdQﬁG
]SN7JN\[I[MN\ZS[MJQSN²JIN7[IEbQ Gi]SN²GqEbZFGqNY`!Wﬁﬀ7EbQUR2W3JP¥ W3[M]S^\JP]SW3QSJVXWJMZSHmGIN²]SN²V {W3Q2W3VApJIN f*WdZSJIN]ZSQSN
GI[IEbReLOW3Z_}dW3HKJMNP[I^7JIEbVmZ_GqHmEbQN\Q^\QSN7[I¥bHmN3>
°©E3Q | WdZ_}dW3HKJ
¨ W3VKHmS[qWﬃGqHKE3QO|N k3zbzgr  y j   «Yr©k lj  
 @b@RSHKf7Jo]_Ni[M^7`a^7[IN\Q_f\N   kbkbkhr  k l    r
¨ W3VKHmS[qWdGIHKEbQk3´|N k3z3Yr  y l   jgr©k A@  
yR_HKf\Ju]_Ni[M^7`a^7[IN\Q_f\N   kF@0zgr b« l«    r




	 C1 ! +A1aON; 19A?@I P-c1 1/e; 1
3F?@E:-$O1.9ﬂ/8+ 	D1KBD1KBD5/217O/21.E:-06b+ #7+:9ﬂ/b3:E /X-01SO?U-ﬃ-c17O/21.IZ1.9ﬂ/"O+U; L P-c576
j
9C3P+.-01.9ﬂ/ Ad7681  ﬀ; 1[9A?@I .-01Z1/&; 1
3F?@E:-$O1.9ﬂ/8+ 	D1eBD1eBD5/217O/21.E:-06e3D?fE:-"; 176	%@EA1.; 6]/2?@EA6[; 16>3DLQO6ZBD1 -05GH5.-01.9PO1 ?@9ﬂ/b/2?@EA6]5/25CO?:-J-01aO/21PIK1P9ﬂ/
LQBD1.9ﬂ/ML f576
j
+N\f?SQ_HK¶ﬁZSNP[qWdRSHK]SN !EbQc`!WdHmG ]S^\JMEb[ILOW3HKJ N\QeLEbHKQSJ]ZSQSNP]SN7LOH$SN\Z_[IN³ZSQGI[qW*}dW3HKV;¶ﬁZSH]SN7LcWdQS]2W3HAG
GI[IEbHmJ©JIN7LcWdHKQSN7JuW3ZSR2Wd[qW*}dW3Q G
E
 _JIHmLOR_VKN aRS[IEf\^7]SZS[MN³N\Q GqHmv\[MN\LN\Q GoW3Z_GIEbLcWﬃGqHK¶ﬁZSNoJqWdQSJ Gq[IW3HmGIN\LN\Q G
LOWdGq_^\LOWdGqHm¶Z_Nf\EbLRSVKN CFN  ]_EbQ GcVlW3Vm¥bEb[MHmGq_LONR$N7Z_G  7Gq[MN`!Wdf\HKVmN\LN\Q GW3L^\VmHKEb[M^!EbQ£R;N\Z_GO]SN
`!Wﬁﬀ7EbQ²Gq[Mv\JJIHKLRSVmNuWdQSN\[VKWL^7GISE]SNuN\QOWMEbZ_GqW3Q G]SN\Jf\[MHmGqv7[IN7J]_No]_^\f\HmJIHmEbQJIZSRSR_VK^\LN\Q GqW3HK[MN\J 
QSEdGq[INgW3VK¥3Eb[IHAGqSLNP[IN7¶Z_HKN\[sG³QS^\W3QSLEbHKQ_JZSQSNh}b^\[MHmx2f\WdGqHmEbQ}HmJIZSN7VKVKN 5]S^7GIN\f7GIN\ZS[WdRS[Iv7J³]S^7GIN\f/GqN\Z_[ 
R;EbZS[wJ\{W3JMJIZS[MN\[³]ZSQSNh$E3QSQSNiHK]SN7QﬁGIHmx2f\WdGqHmEbQe]SN\JªRSHKf7J\>$¯³Q R;EbZS[M[qW3HAGwHKLOW3¥bHKQ_N\[ _R$EbZ_[oVmN\JoLYZSVAGqHAr
]S^/GqN7f7GqN7ZS[IJª]SN`aZ_GqZS[MNh¥3^\QS^7[qWdGIHKEbQf\EbLLNP±o¹± +± zb  E3Z ¹®ªB +±   ´  5¶ﬁZSH+W3ZS[MEbQ GªR_VKZSJo]SN
«b´3´b´O}bE3HKN\JP^7VKN7f7Gq[MEbQSHm¶Z_N\J W3LO^7VKHmEb[IN7[ªVmNYf\E]SN²N7GZFGqHKVmHKJMN\[oZSQ }b^\[MHmGqW3SVKNYW3VK¥bE3[IHmGISLNh]SN²VmEb¥bHm¶Z_N

E3ZSN R;N\[ILN7GMG?W3Q G 3N\Q²R_VKZSJD]_NuVXWªf\W3VKHmS[qWﬃGqHKE3Q&]SN f\VKW3JIJMHmx2N7[DVKN7J JMR$N7f7Gq[MN\JN\Q²GIN\[ILNﬃR2W3[ N/CFN\LRSVKN 





}   w J.  ﬀ[_S_ﬂ_ 7
      ﬂ&$ﬀ!ﬀ  ﬂﬁ ﬁ ﬂ' '	ﬂﬁ
606 	  	m	4  u#0ﬀ&1 5F"#*F ﬂ %
­ªQSNg`aE3HKJoVKN\Jo^\Q_N\[I¥3HKN\JN7G³VmN\JwGqN7LORSJª]SNgGIEbZSJVmN\Jª]S^7GIN\f7GIN\ZS[MJPW3VmHK¥bQS^7J 5EbQ WdRSR$E3JINgJMEbZ_}3N\Q G




n −→ n′ + γ   V{E3[IHK¥3HKQSN]SN7JY$E3JIJIN7J²QSN\ZFGq[IE3QSJ
}bN7[IJ²«b´3´ dN~N7Gg j3´ 3N iEbZ VKN7Ji[IW*pbEbQSQ_N\LN\Q GqJ
γ
`aEb[MGIZSHmGIJ\>+¯³QQSEdGqN\[IW¶ﬁZSNOVKN7JiGI[qW3QSJMHmGIHKEbQSJ
]SN2W3JMJIN^\QSN7[I¥bHmN²JIEbQ GiJMpJMGI^\LOWdGqHm¶ﬁZSN\LN\Q Gh[IN7GqW3[I]_^\N\JN7VKVKN7JW3ZSJMJIH :VKWf\EbVmVKN7f7GqHmEbQ ]SNf?2Wd[I¥bN7JhJMN
`!W3HKJIW3Q GwRSVKZ_JuVKN\Q GIN\LN\Q GoJIZS[wVKN7Jw$Eb[M]SJu]SZ¥bN\[MLcWdQSHKZSL>
 "!$#&%F=M=?>k3´S'  +A/X-LVO1ﬃ5.9A1.- 	fLQ1











  R2Wd[MGqHm[O]§{ZSQ_N LcWﬃGq[IHmf\N !^7QSN\[M¥bHKN rtGqN7LOR_J EbQR$N7Z_G[qWdRSHK]SN7LON7Q Gc]S^/GqN7[ILHKQSN7[c¶ﬁZSN\VmVKNJIN7[qW VXW
LON7HKVmVKN\Z_[INf\E3ZSRSZS[MN N7QgGqN7LORSJŁR;EbZS[+QSN¥ W3[I]_N\[+¶Z_N©VKN7JŁ[qW*pbEbQ_QSN\LN\Q GqJ
γ
RS[MEbLORFGqJ+N\Qgf?_N\[If?SW3Q G 
^\VmHKLHKQSN7[VKN7J+;EbJMJIN\J+QSN7Z_Gq[MEbQSJ aGqE3Z_G+N\Qh`!WdHKJqWdQﬁGŁN7QgJMEb[MGIN]_N ¥ Wd[I]SN7[+VmN\JŁ[qW*p3EbQSQSN7LON7QﬁGIJ
γ
RS[IEbLR_GIJ
]SN2WdJIJINc^\QSN7[I¥bHmNcR2W3[sGqHmf\ZSVmHKv\[MN\LN\Q GhHKLR$Eb[sG?W3Q GIJiR;EbZS[hV ^7GIZS]SN]SNOVXWJIZSR;N\[M]S^7`aEb[MLcWﬃGqHKE3Q]2W3Q_J
VXW 7EbQSN± ∼ @0b´ ªN7G[I^7]SZSHm[IN²VXWf7EbQ Gq[MHKSZ_GIHKEbQ ]_ZSNW3ZFC [IW*pbEbQSQ_N\LN\Q GqJ γ `aEb[sGqZSHAGqJ7>nŁWcx2¥bZS[MN
=I=?>lk3´[IN\R_[I^\JMN\Q GqNgVXWLcWdGI[IHmf\N !^7QSN\[M¥bHKN|Nªr  ±o¨ u]SNiV N/CFR$^7[IHmN\QSf7N 196 °©HŁ¶ﬁZSHŁJIN7[qWRS[I^7JIN\Q GI^\N





ﬂ	 H>	2ﬁ8__ _UW P  ﬀ
JMZSR$^7[IHmN\ZS[ gzb kd´if\W3Q2W3ZFCON/G HKQF`a^\[IHmN\ZS[ ib ´b´if*W3Q2WdZFCOEbZcJMH$V{^7QSN\[M¥bHKNoN\JsG HKQF`a^\[IHmN\ZS[MN ²j3´b´ 3N
N/GªVmN  ±o¨ N\JsGªHmQ_`a^\[MHKN7ZS[ ²b ´b´²f*WdQ2W3ZFC$>
606
	  	m	m ﬂb8;"+%7#0ﬀﬃ) ﬂ3#0!8;"9Ł%²(F"Łﬁﬀ$a% ﬂ8;)Łﬀa%9Ł( #0ﬂ3#0)+ﬀﬃ%ﬂb8; ﬂ8;%*#0%
n:N\Ji]S^7GIN\f/GqN\Z_[IJif\VKE0}3N\[IJiN7Gif7VKZSJsGqN\[MJhJMEbQ Gif\EbLR$E3JI^\J]SN[IN7JIR;N\f/GqHm}3N\LN\Q GhN/G²yf7[IHKJsG?W3ZC
N7QﬁGI[INhVKN\JM¶ﬁZSN\VmJªZSQ RSSE3GIEbQ R;EbZS[M[qW]SHm¢$ZSJIN7[\> $HKVŁQ{WOR2WdJª^/Gq^g]_^7GqN7f7GI^g]2W3Q_JZSQf\[IHmJMGqW3V+°u¹h¯ 2HmV
Wc]_^\R;EbJI^YVKWGIE3G?W3VmHmGI^i]_NgJIE3Q ^\QSN7[I¥bHmNg]2W3Q_J³VKNi]S^7GIN\f/GqN\Z_[PN7G³fd{N7JMG Of\NYQSHA}bN\W3Z ¶ﬁZ{HmQ GqN\[s}HKN\Q GVXW
RS[MEFf7^\]SZ_[INY]SN²JMEbLLcWdGIHKEbQEbZ Wd]S]Fr SW3f ^/}bE¶Z_^\N²VKE3[IJ]_NYVXWc]_N\JIf7[IHmR_GqHmEbQ ]SN7JP]SHm¢$^\[MN\Q GqJG pR;N\J
]SN]S^7GIN\f/GqN\Z_[IJ¹PN W3Zf\EbZS[MJc]SNVXW JIN\f/GqHmEbQ=I=?>{z_>A@b>n:N ¥ W3HmQN7QN7f*Wdf\HmGI^ R2Wd[O[IW3RSR;Eb[MG  ZSQ




( RS )C=1 + ( RS )C>1
( RS )C=1
C
N\JsGVKNcQ_EbLYS[MN]SNf7[IHKJsG?W3ZC§>  EbZ_[YZSQ RSSEdGqEbQ ]SN @ lz3z |N 
F
N7JMG²^7¥ W3V @ lj3z R;EbZS[YZSQ
f7VKE0}bN7[oN/G%e@{bR;EbZS[uZSQf\VmZSJMGIN\[	{kF@;k3z  >
Ü
[MEFf7^\]SZS[MNe]SNeJIEbLLcWﬃGqHKE3Q R$E3ZS[²VKN7J²f\VKE0}3N\[IJ af7` > x2¥3ZS[INe=I=?>lkF@ TR2W3[ILH©VmN\J²f7HKQS¶ f\EbQ_xS¥bZFr
[IWdGqHmEbQSJ©^7VK^7LON7QﬁGqW3HK[MN\J _EbQQSN[IN7GIHKN7QﬁGw¶ﬁZSNPVmN\J f\W3J EJMEbHmG ZSQJIN7ZSV:f\[MHKJMGqW3V;N\JMGuGIEbZSf?S^ y3´   ]SN\J
f\W3JC E JIEbHAGY]SN7ZFC f7[IHmJMG?WdZFC Wd] IW3f\N7Q GqJ²JIE3QﬁGgGqEbZSf?_^\J  k3´  ]SN7J²f*W3J EbQ Z_GIHKVmHKJIN7[qW ŁR;EbZS[hVXW















1 .17O/XEA571 %@EA1>B:+U9A6S; 1>O7+A6&BD1>BD1.E7T OA-ﬃL 68/8+:E7T +PB  2+.O1.9ﬂ/26b/2?@EPO A576
j
f\[MHKJMGqW3ZFC GqE3ZSf?S^\JhEbZ]_N\ZFC R;^7G?WdVKN\Ji]SHKW3¥bEbQ2WdZFC :SHKN7Q¶ﬁZSN[qW3[MN\J +JIE3QﬁGh^\VmHKLHKQS^7JPR$E3ZS[h¶ﬁZHKVmJ
 ﬃu{y,u{yzﬃqs&nXzJq`tPy,t7z~2zJ~ 	 nq`zﬃu{ynMu{AtAuyﬃPxJ8uﬂu
60
ﬃ/   21
j3´
}   w J.  ﬀ[_S_ﬂ_ 7
QSNf\EbQ GI[IHK_ZSN\Q GªR2W3JoW3Z`aEbQS]2VKW²RS[IEbSW3SHKVmHmGI^¶ﬁZSNif\N\Jo^7}3^\QSN7LON7Q GqJJMEbHKN7Q Gw]SZSJ%]_N\ZFCRS_E3GqEbQ_J
]SHKJsGqHmQSf7GIJu]SN7}3N\Q2W3Q GRS[I^7R$EbQ_]S^\[IW3Q GqN3>
Ü
[IEf\^7]SZS[MN]SNJIEbLLOWdGqHmEbQ R;EbZS[gVKN\Jgf\VKZ_JMGqN7[IJ af7` >+x2¥bZS[MN=I=?>lkbk T QSEbZSJ²]_N7}bE3QSJYGq[IW3HmGIN\[gHmf\H
@&k²f\EbQ_xS¥bZS[qWﬃGqHKE3QSJu^\Vm^\LN\Q G?W3Hm[IN7J\>5n:N\Jof\EbQFx2¥bZS[IWdGqHmEbQSJ ZSQf7[IHmJMG?WdV  ybj   wE3Z ²]SN7ZFCf\[IHmJMGqW3ZFC
W3] IW3f7N\Q GqJ  k3k   ³[IN7RS[I^7JIN\Q GIN\Q GYVKWeLOWMEb[MHmGI^²]SN\Jf*WdJhN/GhJMEbQ GgVmN\JJIN7ZSVKN7Jh¥3^\QS^7[qW3VmN\LN\Q GRS[IHmJIN7J
N\Qf\EbLR_GqNi]2W3Q_JªVmN\JoW3Q2W3VApJIN\J7>§n:Eb[MJI¶ﬁZ{W3Z LEbHmQSJu]SN\ZC f7[IHmJMG?WdZFCQSEbQW3] IW3f7N\Q GqJªJIEbQ GoGqEbZ_f?S^\J 
V ^7}3^\QSN7LON7QﬁG N\JMG [IN MN/Gq^d> oE3GqEbQ_J ¶ﬁZSN³VKE3[IJI¶ﬁZSNªf\N7[MG?WdHKQSJ R$^/G?W3VmN\J©]_^\VKHA}[IN\Q G©ZSQJIHm¥bQ2W3V5HKQﬁZ_GIHKVmHKJqWdSVKN 






1>O7+A6[1762/K-01/21.9:EC1/K; +e68?@I\IK+ﬂ/MLQ?@9e1762/b1 .1aO/XEA571 E:9DL&%@EA1.IZ1.9ﬂ/Z3D?@E:-w; 1>O7+A6
_j
EbQ R;N\Z_GQS^*WdQSLOE3HKQSJwJINgJIN\[s}HK[o]{N7ZFC f\EbLLON}bN/GqEWdQﬁGIHAr ¨©EbLORFGqEbQ_@ >§+EbZS[Z_QSNgJMEbLOLOWdGIHKEbQ
f\Eb[M[IN7f7GqN SJIH$ZSQR;^7G?WdVKNQ_N³]S^\VmHm}[INªR2W3Ju]SNJIHK¥3Q2W3V ﬁVmN\J©HmQ_`aEb[MLcWdGIHKEbQ_JN7Q^\QSN7[I¥bHmN³]SN7JuJIHK¥3Q2W3ZFCcW3]Fr
IW3f\N7Q GqJ³JMEbQ GPHKQﬁZ_GIHKVKHmJqW3_VKN\J2f\N\VKWOQN\JsGPR2W3J³W3RSRSVmHK¶ﬁZS^\Nh]SNh`!W ﬀ\EbQ JspJMGq^7LcWﬃGqHK¶ﬁZSNgLcW3HmJª]_^\LEbQ Gq[IN
V HKLR$E3[MG?WdQSf\Nª]lW*}3EbHK[wZSQf\[MHKJMGqW3Vf7N\Q Gq[IW3V:N\Q$E3Q^/G?WdGw]SNP`aEbQ_f7GqHmEbQSQSN7LON7Q G*>
606 	  	m	  	§#*8:ﬂ F1 5 9ŁF%(ﬀ;(F"Ł"$#&%
±Dp W3Q G]S^7JIEb[MLcW3HmJ  QSEdGq[INc]SHKJMR$EbJMHmGIHKEbQ f\N\J²]_EbQSQS^7N\JRS[I^ rtGI[qW3HAGq^\N7J  QSEbZSJ²WdVKVKE3QSJhR;EbZ_}3EbHK[
VKN7J©f\E3LOR2Wdf7GqN7[©JMZS[©]SHmJI¶ﬁZSN³]_ZS[©EbZcJIZS[u¦n  Wdx2Qc]SN³R;EbZ_}bE3HK[VKN\J VKHm[INoW3JIJMNP[IW3RSHK]_N\LN\Q G©N/G©`!W3f7HAr
VKN7LON7QﬁG\>$= V+J\{W3¥bHAG	5N\Q `!WdHmG	5]SNhQSNY¥ Wd[I]SN7[¶ﬁZSNYVmN\JHmQ_`aEb[MLcWdGIHKEbQ_JuZ_GqHmVKN\J%cVlW3QSW3VmpJINiRS[MEbRS[IN7LON7Q G




f\EbQ_JqW3f7[I^\NªW3ZFCGIN\f?SQ_HK¶ﬁZSN\J]{W3Q2W3VApJIN3> = V2J7lWd¥bHmG]SNwVKWOºd¦³WdG?Wd2W3JIN*»   z
5¶ﬁZSNoQSEbZ_J W*}3EbQSJZ_GqHmVKHKJM^\N





ﬂ	 H>	2ﬁ8__ _UW P  ﬀ
 	   ﬀ1""0!"ﬀ &    -3 ﬂ  !).&)  ﬀ"ﬂ./")+.
     ﬂ $ !ﬀ ﬀﬂﬁ  ﬁ ﬀﬂ' ' ﬂﬁ
±R_[Iv\JwVmN\JuW*}bE3HK[uf\E3VKVKN7f7GI^\J FRS[I^ rtGI[qW3HAGq^\JuN/GwJMGIEFfd^\J 2HmV§J7lW3¥3HmGuLOW3HKQ GIN\Q2W3Q Gu]_N³Gq[IHmN\[ f7N\Jw^7}3^/r
QSN7LON7Q GqJ³N7Q `aEbQSf7GIHKEbQ]SNYf7N\[MGqW3HKQ_Jf\[MHmGIv\[IN7J³JIZ_[³V ^\QSN7[I¥bHmNh]_N\J³Gq[IW3QSJMHmGqHmEbQSJoR$E3ZS[f7EbQSJMGI[IZSHm[INh]SN\J
SHmJMGIEb¥b[qWdLOLN\J LYZSVmGIHK]SHmLON7QSJIHmEbQSQSN7VKJ+N7Gf7EbQS]SHAGqHKE3QSQS^\J]SW3QSJVKN7JI¶ﬁZSN\VmJVKN7J^7}b^7QSN\LN\Q GIJ©[I^7R$E3QS]2W3Q G





JMHmGqHmEbQSJ JIEbQ Gw]S^/GqN\f/Gq^7N\JwN\Qef\E,5tQSf7HK]SN7QSf\Nd>2­ªQSNP]_HKJMGI[IHmSZ_GqHmEbQcN7Q`aEbVK]R;N\ZFG  7Gq[MN³Gq[MEbZ_}b^7NPRSVKZ_J VKEbHmQ
W3Zef?2WdRSHmGI[IN=JIZS[wVXWgxS¥bZS[IN=g>k 2f7EbLOLN³EbQR;N\Z_GoVKN³}3EbHK[ Sf\NP`aEbVm]R$N7Z_GªW3VKVmN\[ MZ_JI¶ﬁZ ck3´F>
n:N\JP_HKJMGIEb¥b[IW3LOLN\JoR;N\Z_}3N\Q G	 7Gq[MNY]SN7JPJIR;N\f7GI[IN7J :]SN7JPLcWdGI[IHmf\N\JªEbZ ]SN7Jif7ZS;N\J\> EbZS[[qW3QS¥3N\[³VmN\J
^/}b^\Q_N\LN\Q GqJ]SN2WdZ_GMr `aEbVK] ]SW3QSJ²]SN7J²N\JIRSW3f\N7JR_VKZSJYR;N7GIHmGIJ !f7[I^*WﬃGqHKE3Q ]SNJIR;N\f/Gq[INf7EbQS]SHAGqHmEbQSQS^ 












GI[qW3HAGqN\[uf7Eb[I[MN\f/GqN\LN\Q GªR$E3ZS[u^7}HmGIN\[oV {W3RSR2Wd[IHmGIHKEbQc]SNRSHKf7JªWd[MGqN/`!W3f7GIJWdRSR$N7VK^7JgºﬃJIRSH 3N\Jq»¶ﬁZ2W3QS]EbQ
}3N\Z_GOf\EbQ_]SHmGIHKEbQSQ_N\[²]SN7JOSHmJMGIEb¥b[qWdLOLN\J7>Dn:N\J]SN\ZC GqN\f?_QSHK¶ﬁZSN7Jcf\VKW3JIJMHK¶ﬁZSN7J a[IN\R;EbJIW3Q GOJMZS[ZSQSN




















N7Qc^\Q_N\[I¥3HKN\J JIEbQ G [IN7LORSVmHKN7J\>¯³QcR;N\Z_G FRSW3[ N CFN\LRSVKN ]_N\LOW3QS]SN7[ ¶ﬁZSN
p
^7QSN\[M¥bHKN7J©]SNoV ^7}3^\QSN7LON7QﬁG
W3R_R2W3[MGIHKN7QSQSN\Q G ª]SN7J `aN\Q  /Gq[MN\JDN7Q²^\QSN7[I¥bHmN\J ]_EbQSQS^7N\J TﬃJIHV EbQgLN7G ZSQSN `aN\Q  /Gq[IN©N\QY^7QSN\[M¥bHKN©W3Z_GqE3ZS[
]ZSQSNg^\QSN7[I¥bHmN
A






]SN]S^7f\HmJIHKE3QR;N\[MLON/GIGIN\Q Go^\¥ W3VmN\LN\Q Gw]SNf\E3QS]SHmGIHKEbQ_QSN\[ VmN\JuJMR$N7f7Gq[MN\J !f7` >_R2W3[MGIHKNP=M=?>jF>lk  >
= VŁ}dWO]SEbQ_fYJ\{W3¥bHm[ª]SNh]S^\f7EbQ }bEbVmZSN\[f?2W3¶ﬁZSNY^/}b^\Q_N\LN\Q G]SNh`aE3VK]
n
N\Q JMEbZSJ r ^7}3^\QSN7LON7Q GqJ]SNh`aE3VK]
(m + p)
> ¨©SW3f\ZSQ ]_Ncf\N7JYJIE3ZSJsrt^7}b^7QSN\LN\Q GIJ²JIN\[IW  QSEbZF}bN*WdZ ]S^7f\EbQ }3EbVKZSN7[YN\Q
m
JIEbZSJ r JMEbZSJsr
^/}b^\Q_N\LN\Q GqJ7>SnŁWGIN\f?SQ_HK¶ﬁZSNf7VXW3JMJIHm¶Z_NoJMNf7EbQ GqN\Q GIN]HKQSf7[I^7LON7QﬁGIN\[f\N7J©JMEbZSJsrtJIEbZ_Jsr ^/}b^7QSN\LN\Q GqJuJMH
VmN\J
p
^7QSN\[M¥bHKN7Jh[MN\JMGqW3Q GqN7JY]SZJMEbZSJ r ^7}3^\QSN7LON7Q GEb[IHm¥bHKQSN7VD[I^7R$E3QS]SN\Q GYW3ZFC f\[MHmGIv\[IN7Jg]SNJI^7VKN7f7GqHmEbQ
VmN\Jo^7}b^7QSN\LN\Q GIJi]_Ng2W3ZFGMrt`aE3VK]2SHmN\Q ¶ﬁZSNh[qW3[MN\J $HmQﬁGI[IE]SZSHmJIN\Q G]SEbQSfhZSQSNgJMZS[srt[IN7RS[I^7JIN\Q GqWdGqHmEbQ ]SN
f7N\[MGqW3HKQ_N\J^\Q_N\[I¥3HKN\J af\NuJIE3QﬁGVmN\JoºdJMRSHdN\J?»]SNwRS[IN7LOHmN\[DE3[I]S[MN  ¶ﬁZSH2R;N\Z_G  /Gq[INw]SE3LOLOW3¥bN\W3SVKN R$E3ZS[
VKW¶ﬁZ2WdVKHmGI^w]SZcJMR$N7f7Gq[MN3>F EbZ_[©^7}HAGqN\[f7N7GIGIN[MN/r ]_^\f\E3Qﬁ}3EbVKZFGqHKE3QcN7G VXWP¥b^7QS^\[IWdGqHmEbQ]SN²ºdJMRSHdN\Jq»ﬁGqE3ZFr
MEbZ_[IJN\Qc`aEbQ_f7GqHmEbQ]SN\J L  \LN\J
p
f\EbQS]_HmGqHmEbQSJ f?SW3¶ﬁZSN^/}b^\Q_N\LN\Q GwJIN7[qWg]SHm[IN7f7GqN7LON7Q G©]S^7f\EbQ }3EbVKZS^
jbk





JIEbZSJ r ^/}b^\Q_N\LN\Q GqJi¶ﬁZSHDJIN7[IEbQ GHmQSf\[M^\LN\Q Gq^7J !H >N3>$EbQ [qW MEbZ_GqN7[qWZSQUf7EbZSRU]2W3QSJPVmNgJMR$N7f7Gq[MN
W3ZFC
m
^\QSN7[I¥bHmN\Jwf\E3[I[IN7JIR;EbQS]2WdQﬁGIN\JwJMZSHm}dW3Q GoVXWYRS[MEFf7^\]SZ_[INJIZSHA}dW3Q GqN 3 T
' FHJMN\ZSVmN\LN\Q G
p






























' FHVKNQSE3LYS[IN]^\QSN7[I¥bHmNOJIWdGqHmJM`!W3HmJqW3Q GiVKN7Jhf7EbQS]SHAGqHmEbQSJP]SEbQ_QS^\N7JYN\JsGg^7¥ W3VN/C_W3f/GqN\LN\Q G 
z $JIN\Z_VKN\LN\Q GVmN\J³f7EbZSRSVmN\JP]S^7f\EbQ }bE3VKZS^7JRSW3[MGIHK[³]SN7JP^\QSN7[I¥bHmN\JPQSN²JIWdGqHA`!W3HKJIW3Q G³R2WdJPW3ZFC
f\[MHmGIv\[IN7JwJIN\[MEbQ GoHKQSf7[I^\LN\Q GI^\J\>




k W3VKEb[MJ GqEbZ_JoVmN\Juf7EbZSRSVmN\JwJIEbQ GoHKQ_f\[I^7LON7Q Gq^\J7>




@ uW3VKEb[MJwZSQSHK¶ﬁZSN7LON7Q GVmN\Jof\EbZSR_VKN\Jof\E3QﬁGIN\Q2WdQﬁGZSQSNiEbZ WdZSf\ZSQ_Ng^\Q_N\[I¥3HKNiJqWdGIHKJM`!WdHKJqWdQﬁG
VKN7Juf\EbQ_]SHmGIHKEbQSJu]_EbQSQS^7N\JoJIEbQ GoHKQSf7[I^7LON7QﬁGI^\J7>
¯³QcQSE3GIN\[IWh¶ﬁZSNVKWPRS[IE MN7f7GIHKEbQO]{Z_QSNªLOWdGI[IHKf7NwHKQSf7[I^\LN\Q GI^\No]SNf7N7GIGINo`!W ﬀ\EbQOJIZS[ZSQcJMR$N7f7GI[INR;N\ZFG
QS^*WdQSLOE3HKQSJHmQﬁGI[IE]SZSHm[IN©]_N\JªºdJIR_H3N7J?»]SHmGIJ]SNu]SN\ZC_Hmv\LNwN\JIR;v\f7N3>ﬁnHKQ GqN7QSJIHAGq^uN\JsG W3VKEb[MJD]SHA¢§^7[IN\Q GIN
JIZSHA}dW3Q GuVXWiRS[IE MN7f7GIHKEbQN/¢§N7f7GIZS^\NPN/GuVKN7J©^\Q_N\[I¥3HKN\J©¶Z_H§JIN7[IEbQ Gw]2WdQSJ VXWiVKHmJMGqNo]SN7Ju¥ WdGqN7JuW3ZS[MEbQ G ZSQ_N





ﬂ	 H>	2ﬁ8__ _UW P  ﬀ
606
	m< 	!4 	m 	§8;) %7#*ﬀﬃ1Sﬂ3#&!8;"9+) t8;"+9
¨©EbLLON V {W3ZS¥bLN\Q G?WﬃGqHKE3Q]SZ f\EbQ_]SHmGIHKEbQSQ_N\LN\Q G]SN7JJMR$N7f7GI[IN\J[I^7]SZSHAGVKN S[MZSHmG]SN `aEbQS]
W3Z ]S^/Gq[MHKLN\Q Ge]SNUVXW JMGqWdGqHmJMGIHK¶ﬁZSN©HKVN7JMGR2W3[s`aEbHKJHmQS]SHmJIR;N\QSJIW3SVKN  R;EbZS[QSN/GIGqE0p3N\[VKN\JeJMR$N7f7Gq[MN\J
]^7}3^\QSN7LON7Q GqJ]SNGq[Mv\J `!WdHKSVmNHKQ GqN7QSJIHAGq^QSN R;EbZ_}dW3Q G 7GI[IN©f7EbQS]SHAGqHmEbQSQS^7J+¶ﬁZSN koEbZgzo`aEbHmJ 0]Z_GIHKVKHmJIN7[
f7N\[MGqW3HKQ_N\J©GIN\f?SQSHm¶ﬁZSN\Ju]SNJIEbZSJsGq[IW3f7GIHKEbQ]_N`aEbQS]>_¦³W3QSJ©VKNf\W3J ]N/CFR;^\[MHKN\Q_f\NP]SN³SW3Z_GMr `aEbVK] E3QJIN















C× !JMR$N7f7GI[INi]SNRS[IE MN7f7GIHKEbQ"²ZSQSN]SHKLN\Q_JIHKE3QN\Qf\E 5 QSf\Hm]SN\QSf7NiW0}3N\f E1 EbZ E2 
¨©N/GIGqNw`aEb[MLYZSVKNuN7JMG ZSQSNªW3RSRS[ME*C_HmLcWﬃGqHKE3Q²VXW3[M¥bN\LN\Q GZSJMHmGq^7Nª]§{ZSQ_NL^7Gq_EF]SNoW3R_RSVKHm¶Z_^\NoW3Zf*W3J]SN












C1× !JMR$N7f7GI[INi]SNRS[IE MN7f7GIHKEbQ ²ZSQSNi]SHKLN\Q_JIHKE3QN\Qf\E 5 QSf\Hm]SN\QSf7NiW0}3N\f E1 
r
C2× !JMR$N7f7GI[INi]SNRS[IE MN7f7GIHKEbQ ²ZSQSNi]SHKLN\Q_JIHKE3QN\Qf\E 5 QSf\Hm]SN\QSf7NiW0}3N\f E2 

C3× aJIR;N\f/Gq[INi]SNRS[ME MN\f/GqHKE3QeGIE3G?WdVKN ²ZSQSN]SHmLON7QSJIHmEbQ
VmN\J f7EFN/Of7HKN7QﬁGIJ
Ci




 « ;kbk S_@ >
jd
{ Uﬀ7ﬁ8__ @W .  4N 
	U
M}HA_  H
       
ﬂ' '  ﬂ $ﬀ!   ﬀ   ﬂ!ﬁ 
!  ﬂﬁ  #
ﬂﬁ	% '	ﬁ ﬁ  ﬂﬁ#   

'    ' ﬃﬁ  ! ﬀ '  ' ﬂ#      
±+}3N\fgVmN\Ju¥ WﬃGqN\Jwf7VXW3JMJIHK¶ﬁZSN7J 2VKW²`!W ﬀ\EbQe]SNPGq[IW3HmGIN\[uf?2Wd¶Z_Nh^/}b^\Q_N\LN\Q G
(E1, E2, ..., En)
N7GwVKN










^/G?W3Q G ZSQSN `aE3QSf7GIHKEbQiSHKQSW3HK[MN^7¥ W3VmN i@©JMH
Ej
N\JsGD]2W3Q_J ZSQSN ¥ WdGINE3ZY´ª]SW3QSJ VmNf*W3J f\EbQ Gq[IW3HK[MN3>
n:N\J²¥ WdGIN\Jºd[MN\f/G?W3QS¥3ZSVXW3Hm[IN7J?» QSNR;N\[MLON/GIGqW3Q G²R2W3J²]SNOGqN\Q_HK[Yf7EbLORFGqN]SZ `!W3HAGg¶ﬁZSNeV{^7QSN\[M¥bHKN
Ej
JIEbHAGW3Z£$Eb[M] EbZWdZ£f7N\Q Gq[MN ]SNeVKW ¥ WdGqN f\N7[MG?WdHKQSJW3Z_GIN\ZS[MJEbQ GO]_^7}bN7VKEbR_R$^e]SNQSEbZ_}3N\VmVKN\JL^/r
GqSE]SN7Juf\EbLLONVKN\J©¥ WdGqN7JºdJMRSS^\[MHK¶ﬁZSN7J?» ﬁy :EbZVKN²ºb¹iWdLOLOWﬃr ®oW*p¡ HKVAGqN7[IHKQ_¥ﬁ» ¹i®o¡      >2n:N7J




;`;sEA62/X-$+ﬂ/MLQ?@9>BD1[;Q+CIZ5/ A?fBD1     _; 176  	@E:-0176 [B@-c?fL /21K68?@9ﬂ/&; 16"63D17O/X-c16bBD1>;Q+ P+U9PBD1
/X-ﬃLQ+aTULQ+U; 1KBD1 168 
G? ﬂ/21P9:EA6p+A1aOW;Q+    
j
ﬃS9C3F1.Eﬂ/ A?fLs-1P9>O?@I>3P+.-c+:L 6{?@9  U6E:-; 176  	@E:-0176  	:+:EPO A1  












f\VKW3JIJMHK¶ﬁZSN\JgR2W3[YZSQ JMEbZSJ r N\Q_JIN\LgSVKN

EbZ>Dn:Nf?_EbHAC EbZ QSE3Q ]HKQSf7[I^\LN\Q GIN\[YZSQ ^/}b^7QSN\LN\Q G]S^/r





ﬂ	 H>	2ﬁ8__ _UW P  ﬀ
]ZSQSNª]S^\JMN/CFf\HAG?WdGIHKEbQc^7GqZ_]SHK^7NEbZQ_EbQ>_¨©N]SN7¥b[I^ a¶ﬁZ{E3QW3RSR;N\VmVKNgºdJIf7Eb[IN*» R;N\Z_G ]S^\R;N\QS]_[IN³]ZSQ
QSE3LYS[INuQ_EbQFr N CF2W3ZSJsGqHm`;]SN `!Wdf7GqN7ZS[IJ]SNu]_^\f\HmJIHmEbQ²N7GJMNof\W3VKf7ZSVKN©JIZSHA}3WdQﬁGVlWd[IHmGISL^7GqHm¶ﬁZSN ]_N\JJIEbZ_Jsr
N7QSJIN7LYSVKN7J

EbZSJg]_EbQSQS^7NORS[M^\f7^\]SN7LOLN\Q G aJIN7f7GqHmEbQ =I=?>S>m@3>m@  >+nŁNRS[MEb¥b[IW3LOLN²¶ﬁZSNcQ_EbZSJhW0}3EbQSJ
]S^/}bN7VKEbRSR;^§[IN\R;EbJIW3Q GPJIZS[PVKWcVKE3¥bHK¶ﬁZSN

EbZSN §R;N\[ILN7G³]{ZFGqHKVmHKJMN\[]_N\JP¥ WdGIN\J³f7EbQ GqHmQZ_N\JP]SNY`aEb[MLON7J
¥ WdZSJIJMHKN\Q_QSN\J E3Z]SN\J ¥bWdGqN7J©]SHmJIf\E3QﬁGIHKQﬁZSN7J©Gq[IW3R$^ \E 5 ]2W3VmN\J©E3Zf\VKW3JIJMHK¶ﬁZSN\J ![IN7f7GqW3QS¥bZSVKW3HK[MN\J/> R2W3[ r
GIHK[o]SNYf\N7J³`aEb[ILN\Jª]SNY2WdJINYR2Wd[qW3L^7GI[IHKJIW3SVmN\J ;V Z_GIHKVKHmJqWdGIN\ZS[uQ§lWRSVmZSJ¶ﬁZ ]S^/x2QSHK[ZSQ N\QSJMN\LY_VKN
]SNo¥ WdGIN\J]2W3QSJ ZSQOxSf?SHKN7[ ]HKQ_HmGqHKW3VKHmJqWdGIHKEbQ§>dn:NoJIEbZ_Jsr N7QSJIN7LYSVmNªGqEdG?W3V5N\JsG©f7EbQSJsGq[IZ_HmG f\EbLLONw^/G?W3Q G
V{ZSQ_HKEbQ]SNgGqE3ZSJ³f\N7JPJIEbZ_Jsr N7QSJIN7LYSVmN\J\>:¨©EbLOLNiEbQ VKNi}bEbHAG	;VXWOQ_E3GqHmEbQ ]SNY¥bWdGqN7J³QSEbQFrt[IN7f7G?WdQS¥bVKN7J
J7{HmQﬁGIv\¥b[MN]SNP`!Wﬁﬀ\EbQeQ2WﬃGqZS[MN\VKVmN³]2W3Q_Jªf7N`aE3[ILOW3VKHmJILN3>
+EbZS[HKVKVmZSJMGI[IN7[QSE3Gq[MNªL^7GISE]SNﬁQSEbZ_J©W*}bE3QSJ©f7[I^\^ª]SN\J JIR;N\f/Gq[IN7J©f7EbQS]SHAGqHKE3QSQS^\J]SNªVXWP2W3Q_]SN]SHmR$Eﬃr
VKW3HK[MN]SZYQSE0p WdZ 196 °©HW0}3N\f ]_N\JD¥ WﬃGqN\J+Gq[IW3]SHmGIHKEbQ_QSN\VmVKN\J a]SN©VKW3[I¥3N\ZS[+z%dN  N/GD]SN7J ¥ WdZSJIJMHKN\Q_QSN\J a]SN
VKW3[I¥bN7ZS[ PLHArt2W3Z_GIN\ZS[Dj dN f\Eb[M[IN7JIR;EbQS]2W3Q G ³VXW³[M^\JMEbVKZ_GIHKEbQgLOE0pbN7QSQSNw]ZSQRSHKf JMEbZSJ`!W3HmJIf\N\W3Z >
+EbZS[Pf\N7J]SN\[MQSHKv7[IN\J VKNgJIEbZSJ r N7QSJIN7LYSVKNZ_GIHKVmHKJI^hN\JsGRS[I^7JIN\Q GI^OJMZS[PVXWOxS¥bZS[IN²=M=?>kﬃS>:n:N\JP[M^\JIZ_VmG?WﬃGqJ
JMEbQ Gª[MN\RS[M^\JMN\Q Gq^7JJIZ_[oVKWYx2¥bZS[MNi=M=?>k3jF>




{ Uﬀ7ﬁ8__ @W .  4N 
	U
M}HA_  H
 "!$#&%u=I=?>lkbj ' *3F1aO/X-0176RO?f9PBfL /MLQ?f9:9A576N6{+U9A6 68?@EA62/X-$+PO/ML ?@9 BD1 GH?@9PB 6E:- E:9A1 P+:9PBD1 BfLY3F?@;Q+DLY-01 B@E
9A?)#a+:E 196 L wO?@I>3P+.-$+DLQ68?@941.9ﬂ/X-01 ;s^ Eﬂ/MLs;`L 6}+ﬂ/MLQ?@9 BD1 	:+ﬂ/2176e/X-c+.BfL /MLQ?@9:9A1P;s; 176   	:+UEPO A1e1/ O1P;s; 1BD1
6{?fEA6 
1.9A681.I :; 176 f?@EA6	:+UEA686XLQ1.9A6  RB@-c?fL /21 3F?@E:-K3:;`EA6L 1.E:-06 P+U; 1.E:-06CBD1GH?@; BD6\1/\BD1 6}O?:-c176
j
@?fE:-







ﬂ	 H>	2ﬁ8__ _UW P  ﬀ
¯³Q [IN7LcW3[M¶ﬁZSN ¶ﬁZSNuR;EbZS[VmN\JJMf\Eb[MN\J´ {« N7GU@ lk N7GeVKN7J`aEbVK]_J @ N7Gk ©V Z_GqHmVKHKJIWdGqHmEbQ£]SN ¥ WdGIN\J
¥ WdZSJIJMHKN\Q_QSN\JR$N7[ILN7G]Eb_GIN\QSHm[²]SN\J[I^7JIZSVAG?WdGIJW3ZSJMJIHw$E3Q£¶ﬁZSNVKN7J²¥ WdGIN\Jf\VKW3JIJMHK¶ﬁZSN\JN7Q£GIN\[ILN
]SNeJsG?WdGIHKJMGIHK¶ﬁZSNeN7G]SN[qWdRSR$E3[MG W*}bN7fZSQ£f\E3QS]SHmGIHKEbQ_QSN\LN\Q GLEbHKQS]_[IN !f/` >DG?W3_VKN*WdZ =M=?>jF>lk  >
nŁWJIE3ZSJMGI[qW3f/GqHKE3Q ]_NY`aEbQS] N\LRSVmE&p3^\NW*}bN7fVKN\JPJMEbZSJ r N\Q_JIN\LgSVKN7Ji¥bW3ZSJIJMHKN7QSJPN\JsGhHmQSJIR_HK[I^7NY]SN²f7N\VKVmN
¹WdGIN\JuGq[IW3]SHmGIHKEbQ_QSN\VmVKN\J ¹WdGIN\Ju¥ W3Z_JIJIHmN\QSQ_N\J
¡2EbVm]ﬃ @ Ff7Eb[IN ﬃ ´ l«
ª]SNf\E3ZSRSJwLcW&C_HmLYZSL @ lk ×105  {´ ×104
®oW3RSR;Eb[MGo  @ lzbj s@  @ {s@ 
¡2EbVm]ﬃ k Ff7Eb[IN ﬃ @k
ª]SNf\E3ZSRSJwLcW&C_HmLYZSL @ A@ ×104 @ {´ ×104
®oW3RSR;Eb[MGo  @ {«s@  @ j s@ 
¡2EbVm]ﬃ z Ff7Eb[IN ﬃ k j
ª]SNf\E3ZSRSJwLcW&C_HmLYZSL « {z ×103 j { ×103
®oW3RSR;Eb[MGo  k {´s@  @ l« s@ 
¡2EbVm]ﬃ  Ff7Eb[IN ﬃ z k
ª]SNf\E3ZSRSJwLcW&C_HmLYZSL  A@ ×102 k ly ×102
®oW3RSR;Eb[MGo  z lk s@  k m@ﬀs@ 





O?U-ﬃ-c163F?@9PB:+U9ﬂ/b+UE7T BfL .5.-01.9ﬂ/26&GH?@; BD6b1/p6}O?U-0176ZBD176&63D17O/X-c16BD1(; + 	@E:-c1
  
j ﬂ_j
Z_GIHKVmHKJI^7N³W*}bN7fVKN\Ju¥bWdGqN7J f\VKW3JIJMHK¶ﬁZSN\JwRS[M^\JMN\Q Gq^7NhRSVmZSJ 2WdZ_G*>2 W3[uN/CFN7LORSVmNPR$E3ZS[ JIE3ZSJMGI[qW3Hm[IN³VmN`aEbQS]
]SZ JIR;N\f7GI[INYf7EbQS]SHAGqHmEbQSQS^hW*}bN\f²VmNhJMf\Eb[MN@ lkOQSEbZ_JVKZ_H W*}bE3QSJ³JIE3ZSJMGI[qW3HAGZSQ_Ng`a[qW3f/GqHmEbQ ]SZ JIR;N\f7GI[IN
f7EbQS]SHAGqHKE3QSQS^W*}bN\f©ZSQgJMf\Eb[MN©]SN©´ l«F>dn:N[I^7JIZSVAG?WdG ]ZSQSN GIN\VmVKNLO^/GqSE]SNN\JsGDHKVmVKZSJsGq[M^W0}3N\f VKNJIR;N\f7GI[IN
]SZ 2W3Ji]SNcVKWx2¥bZS[MNc=I=?>lk3«e¶ﬁZSH R_[I^\JMN\Q GqN  eJMGqWdGqHmJMGqHm¶ﬁZSNOf7EbLR2W3[qWdSVKN ZSQSNO¶ZSW3VKHAGq^²VK^7¥bv\[MN\LN\Q G
JMZSR$^7[IHmN\ZS[MN  f\N7VKVKNO]ZSQ JIR;N\f7GI[IN]SN`aE3VK] ]SNk W0}3N\fZSQ `aEbQ_] JIEbZSJsGq[IW3HmG!VKNcJIR;N\f7GI[IN]SZ SW3Z_G
]SNgVXWxS¥bZS[INg=I=?>lk3«iT$VKNi`aEbQS] N7JMGPZSQ R;N\Z LEbHmQSJªHmLOR;Eb[sG?W3Q GªN7GPVmNg[qWdRSR$E3[MGP  LN\HKVmVKN7ZS[\>5+EbZS[
ZSQ_NgJIE3ZSJMGI[qW3f/GqHKE3Q ]SNh`aE3QS] LEbHKQ_Jª¥b[MEbJIJMHKv7[IN5QSE3ZSJ³R;EbZ_}bE3QSJHmLcW3¥3HKQSN7[u¥b^\QS^7[qW3VmHKJMN\[oVXWOL^7GISE]SN
]SNc¨©[IE  N\VmV VmHKLHmGq^7N e]SN\Ji`aEbVK]SJi]SHmJIf\[MN7GIJ  ]SN\JhJIf\E3[IN\Jhf\EbQ GIHKQﬁZSJ\> ¨©NGq[qW*}dW3HmVN\JMGgVKN]SN7ZFCFHKv\LN
N C_N7LOR_VKN ]SN©V Z_GqHmVKHKJIWdGqHmEbQ]SNuVXWªVKEb¥bHm¶ﬁZSN

E3ZSN N\Qf7N ¶ﬁZSHSf\E3QSf\N7[IQSNwVKN7J GqN7f?SQSHm¶Z_N\J]{W3Q2W3VApJIN3>b¦N\J
GIN\JMGIJJIEbQ GWdf7GqZ_N\VKVmN\LN\Q GDN7Q²f\EbZ_[IJf\E3QSf\N7[IQ2W3Q GVKWª[IN7f?SN\[Mf?SNo]SN 2W3Q_]SN\J _¦R;EbZS[DW3RSRSVmHK¶ﬁZSN\[ f\N7VXW
W3ZOJMGIEFfﬃW3¥bNo]SN7J©]SEbQ_QS^\N7JTﬁZSQ^/}b^\Q_N\LN\Q G Q^7GqW3Q G f7EbQSJIHm]S^\[M^N/G©^7f\[IHAGJIZS[ ]SHKJM¶Z_Nª¶ﬁZSNªJ\HKV;W ﬁ]SN
R2Wd[MGVKN7J ^7f*W3[sGqJ©N7Qc^7QSN\[M¥bHKN Z_QSNo`aE3[MGqNoRS[MEb2W3SHmVKHAGq^ ]  7GI[INªZSQc^/}b^\Q_N\LN\Q G _¦g>_¨©N\VKWiR;N\[MLON/GIGI[qW3HAG
]{W3f7f\[IE,4KGq[MNPV N7f*Wdf\HmGI^P]SNVXW²RS[MEFf7^\]SZS[MN]SN[IN\f?_N\[If?_Ng]SN2W3Q_]SN\J _¦ N/CFRSVKHm¶ﬁZS^\N]SN7JIJIE3ZSJ\>
j3
{ Uﬀ7ﬁ8__ @W .  4N 
	U
M}HA_  H













FOLD 2 - fond soustrait













SCORE 1,2 - fond soustrait
 "!$#&%$=M=?>k3«C' *3D17O/X-c16SO?@9PBfL /ML ?@9:9A5761/&GH?@9PBD6]68?@EA62/X-$+DL /266E:-";Q+ P+U9PBD1\BfLY3F?@;Q+DLY-01eB@E9A?#7+:E 196 L
j
ﬀ9 P+UEﬂ/  	:+ﬂ/2176]OP; +P686XL&%@EA176]1/pGH?@; B<BD1  "_1P9 P+A6  	:+A/216	:+:EA6{6XLQ1P9:9A176]1/p6}O?:-c1\BD1   
_j
        ﬂ $ﬀ & $ﬀ ﬁ!   
ﬂ' '	ﬂﬁ  
! ﬀﬂﬁ ﬁ  "   ﬀ     ﬂﬂﬁ
nŁN7JhSW3QS]SN7JiJMZSR;N\[I]_^7`aEb[MLO^7N\Ji]SEbQ GiQSEbZSJ³}3N\[I[MEbQSJi]SNQSEbLY_[IN\ZCUN/CFN\LRSVmN\JR2W3[PVKWeJMZSHmGIN
JIEbQ Gif*Wd[qW3f/Gq^\[MHKJM^\N\JPJMZS[ZSQUJIR;N\f/Gq[INN7Q ^7QSN\[M¥bHKN²RSW3[³ZSQSNJM^\[IHmN²]SN²RSHmf\JP[I^7¥bZSVmHKv\[MN\LN\Q GPN7JIR2W3f7^\J 
V N\JMR2W3f\N7LON7Q Gu^7GqW3Q G [IN7VKHm^W3ZcLOEbLN\Q G ]HKQSN7[MGqHmNª]_ZQSE0p W3Z§>S E3ZS[ VKN7J Q_E&pbW3ZFC _¦]SN³VKW 7EbQSN]_N
LcWdJIJINª± ∼ @0b´ FVmNªLEbLN\Q G©]§{HmQSN\[sGqHKNo]_pQ2W3LHK¶ﬁZSNo}dW3Z_G N7QLE&p3N\QSQ_NY@b@0´ ~2 >|N −1 N7G©f\EbQ_]SZSHmG
²]SN\JoN\JMR2W3f\N7LON7Q GqJof\EbLRS[IHmJuN\Q Gq[MNgzbj²N/Gwﬁj 3Ng>
 R2W3[sGqHm[ ]SN©f\N7GMGqN f\W3[qWdf7Gq^7[IHmJMGqHm¶ﬁZSN©¥b^7QS^\[IW3VKN ]SN\JSW3QS]SN7J _¦]SN f7N7GMGqN [M^\¥bHmEbQﬃZSQSN [MN\f?SN7[If?SNwR2W3[
2W3VKW0pbW3¥bNOW3Z_GIEbLcWﬃGqHK¶ﬁZSNW^7Gq^Z_GIHKVKHmJI^7NR;EbZS[i]S^7f\EbZ_}[MHK[i]SN\JhQSEbZ_}3N\VKVmN\JhJMGq[MZSf7GIZS[IN7Jg]SNOf\NG pFR;N3>
±Z ]S^7R2W3[sG	 HmVJIZ_G²]SNcf?SEbHKJMHK[iZSQSNcGI[qW3Q_JIHmGIHKEbQ HKQSHAGqHKW3VKNW3HmQSJIH¶ﬁZZSQ LOE3LON7QﬁGg]HKQSN7[MGqHmNOR;EbZS[
¥b^\Q_^\[IN7[ ZSQSNVKHKJsGqNo]SN`aN7Q  7GI[IN\J7>S= V5pWhGI[IEbHmJ`aN7Q  7GI[IN7Ju]SN³VXWd[I¥bN7ZS[IJ  ;@&khN7G³@0«hf\W3Q2W3ZFCcJIHAGqZS^7N\J ]_N
R2W3[sGPN7GP]§lW3ZFGq[IN²]_N²VXWOGI[qW3QSJMHmGIHKEbQHKQSHAGqHXWdVKNN7GPN7JIR2Wdf\^\N7JN\QU^\QSN7[I¥bHmNY]ZSQSNY}dW3VmN\ZS[}dW3[MHXW3Q GN\Q Gq[MN
z jN/G²ﬁj"dNY>¯³Q 2W3VKW*pbN\[IW N\Q_JIZSHAGqNcGIEbZ_G²VmNc]SEbLOW3HmQSNO^7QSN\[M¥b^7GIHK¶ﬁZSN]_NVXW JMZSR;N\[I]_^7`aEb[MLcWdGIHKEbQ
N\Q `!W3HKJIW3Q Gi}dW3[MHKN7[iVKWe}dW3VmN\ZS[]SNVXWGq[IW3QSJMHmGqHmEbQUHKQSHAGqHKW3VKN	!N\Q GI[INck3´b´ 3N~N/G²yd´b´ dN  >   VXWx2Q
QSEbZSJW*}bE3QSJ UQ_E3Gq[MN]SHKJMR$EbJMHmGIHKEbQ ﬁj3´b´ JMR$N7f7Gq[MN\Jf\EbQ_]SHmGIHKEbQSQ_^\JgGI[IEbHmJg`aEbHKJgf\Eb[M[IN\JMR$E3QS]2W3Q GOW3ZFC
 N\JMR2W3f\N7LON7Q GqJ²N7G²W3ZFC j3´b´ f?SE3HACR$EbJMJIHmSVKN7Jgf\E3QSf\N7[IQ2W3Q GVKW}dW3VKN7ZS[g]SNcVXWGI[qW3Q_JIHmGIHKEbQ HKQSHAGqHKW3VKNd>
¤DG?W3Q Gi]SEbQSQ_^VmNY¥b[IW3QS]UQSEbLY_[IN²]SNJIR;N\f/Gq[MN\J ŁZSQURS[MEb¥b[IW3LOLNY]SN²JMEbZSJsGq[qWdf7GqHmEbQU]SN²`aEbQS]UN7G]_N
[IN7f\EbQSQSW3HKJMJqW3QSf7NW3Z_GIEbLcWﬃGqHK¶ﬁZSNi]SNhRSHKf7J³Z_GqHmVKHmJqW3Q GoVKN7J[IE3Z_GqHmQSN\Jª]SNYVXWVKHmS[qW3Hm[IHmN®o±¦  ±³®oB    
W ^7GI^cf7[I^\^Wdx2Q ]{WdGMGq[IHmSZSN7[hZSQf\EN7f\HmN\Q G²]SNOf\EbQ_x2W3QSf\N  f?2W3f7ZSQ>¨©N7ZFC¶Z_H©R;EbJIJMv\]SN7QﬁGYZSQ
f\EN7f\HmN\Q Go]SNf\EbQFx5W3QSf7Nh^7VKN7}3^JIEbQ Gª[IN7GIN\QﬁZSJ7>





ﬂ	 H>	2ﬁ8__ _UW P  ﬀ
[MN\JIJMEb[MGIHK[wW3ZLHKN\ZCV{^/}bN\Q GIZSN\VmVKNJMGI[IZSf/GqZS[MN _¦h>
¨N\JsG¥b[3f7N  f\N/GIGqNGIN\f?SQ_HK¶ﬁZSN¶ﬁZSNQSEbZ_JW0}3EbQSJLHKJgN7Q ^7}HK]_N\QSf7NVmN\JYJMHACQSEbZ_}3N\VmVKN\J _¦]SN\J
HmJIE3GIEbR$N7J 197,198  ]SEbQ GwQSE3ZSJwR2W3[IVmN\[MEbQSJoW3Zef?2W3RSHAGq[MNiJMZSHm}dW3Q G\>

















































- *&&( ﬂ - '(. 




: ) 3ﬀ;" !%' 





(ﬁ2ﬁﬃ^ 197,198 ? [A@CB ~ 2BEDGF	 ﬀ(&g="+



















#2(ﬁ 186 HI 18 >1 } 3}JML  ",2"i"#2ﬂ-	("i6
,iﬂ 
ﬁﬀ-hJrﬁ%#3 o&ﬁ ? @Zo8@CB2F
T,/O,L-	S/1ﬂ&&ga(ﬁﬃ -ﬂ ﬁ!`Lﬂ 
















,(ﬁﬃ1	"-	2.Tﬁﬃﬂ	 197 ? [O"#L;-s2lJ=/1[ NDODPJJrED1ﬁ2f<d^"(	
0P M











ﬁﬀﬂ	ﬃ! 	"$#%ﬀ&'ﬀ!#)(*+  $ﬁ,-./ﬀﬂﬁ,,0(01ﬁ2ﬁ34#+5627ﬁ,8+	95:,;ﬁﬀ
2+*%$ﬁﬀﬂ 7<1=>(/ﬀ?56#@;A#)	"$B()CD*%
/ﬁ@	"#+ﬀE#@ +	(01# FG























Energie de bombarde ent (en M V)
HJIFKMLSBBB\DONQPR0STVU>WX%YZR[\S]/SR7Y_^.Ra`GbcW@^dGSTVU WXe^.R7YO`/bUfXGS+Uf`G]gd7hiX%W+j7]kd7hml$Wkb"npoYq`G]/brlsd%YU WX0t





'¥8 ©O¬G¥G©v6¥ 18  7¬Q°p{©O°¥p8
p_v  ;¡ ©+ ©O¬¯M¨¥x¬¨l¯¥G¨­¬¯8¥ca¨¢'¥f¯M£ﬂ¤.¥¦£{©O°{©O¬¯
¥E<6±¬£¥7J¥®¬¨G¥©v ¯¤/§sﬂ¤2°~¯G¥7M ¥ 186 H ©+¨2©O¨l¯ ¨¥;{©O¬­¥°M¥c ~~ µ ©kª












¨{© ¯°­¥ Lo¥±¯M¦©°­¥7ﬁ« ¥G°ﬁ« ¥-¥;£©O¨¥pµ@¶7¥=<@G¬¯G¥7¬'¥8 ©O¬¯}®­C©+v¤2¬¦°}¨¥C7¥§¬·§
~¬¤2¨¥±¨v¤.®¥¯°© ¨­¬¯¬¤O¨ µ¶¸	¥G°¥§¥±¯®­C¥¹¥±¯¥G°¨¥;¤2°­°~¥7±¯­¬¤2¨¶'¤.¥G°¬ ¥G¨l¯¬º) ¥;º) ¥7¥
ºk¥8¤2¬¯J4­»G¨ ¥G°
©




























¦¬Äo¥7ª¯°© ¨­¬¯¬¤O¨ ¤2¨l¯8 ¥g¯°À7 ©O¬£¥x¬¦¨l¯¥±¨­¬¯V ¥±¯p¥Ł¤2¬¨]¥Å: ©/G¥7¥§¥G¨l¯
}







¥ ­¥7f¯¬¤2¨¥Å: ©v±¥-¥C°¤@±¯­¬¤2¨ {©O°~¯­¬¦¥M ©vﬂ¤2°±¥7










197 ? £ 2B  22J¥D£ J ¨
196 ? £ D   D £ ~ ¥D£ £O¨
198 ? £   OJ¥D£ } ¨










198 vM ~ ¼ B  B¦¥¦£ B¨;D0
196 vM ~ ¼  B¦¥¦£ J¨;D0
195 ? £ ~ ¼D  DC¥¦£ ¤O¨

	L!ﬁ¬D<N ]ggw R7]kd³bo0S]k`.U Tﬁdgw>]+TVU l9^.RYp^@U oGbcR/X+T·RY'u%W@U R7Y;`.RGdg`gw oR7Y-`G]GbJw ]6bo0]GSTVU WX 18 xy 186 z 




¬¦¥/¬ s'¥7~¯'¤2¨ ¬¥Łﬂ¤2°}¯ ©O¨l¯M¥C ¯­¯­¥G° 7¤2¨l¯­°­¥C4­»7¦©O°
©
¬~¥7¥§¥G¨l¯¶p¤.@§
¦¥±°7¼ °·°¬±¬«©v£¥8®­»¨Eﬂ¤2¬¨ ¯¥;@ ¥-}¯ © ¯­¬~¯­¬ºk¥/¼¥G¨°©v¥G¨l¯¬­©O¨l¯ ¦¥x¨¤+¨l©/E7¥§¥±¯~¯¥°7¬













¥o¥±¨§¯­¥7¥:7¼ °·°~¥±¯­¬¤2¨ŁÄ}¤.¥: ¯V¤O¨a¥±¯ ©v)§s£{©v{-¥7¤+2¥±°,¥±¯9}¯¥±°7¼O¨¤. ©0.¤2¨
¤.£ ¯­¥G¨k ©v¯¤O¯ ©v[D






°­¥Cﬁ¬ )¼ «©£!¤v¦¥x¬¨ ¯­¥G°~¨¥c¨¥c¨¤.ª©\{©v ¥±°¥§¬M¥C7{©O°~¥G°¦¥ ¥7E<
.¤2¬¥7 197,198 ? £®¬!Äo¥7«©	¥7 ¯'7­ ¥f<@¬ºk¥±°©O° «©°­¥±¨G¥-®­C¬¤.¥:ÀG°~¥7 {©O¨'¥7 ¥7Q<¨¤+¨l©vE<¨ ¥













197 ? £ I º)©O¨Á¨;¨ ¥7 ¯­°¤2¨ ¥7}¯-¥®¬ ¥G¨Á¥:¤2¬¦¨¼¥a¨¤+¨l©v;¥7~¯<Oy/ﬁ«{©/
|
¬º) ¥:¦©.¢7¤2¨ ¥









































































HJIFKMLvﬁ¬KMN bF].U T·RGnpRGX+T ^.R'w>];.W@dgw RMUfX+T·R/b"X%R

np]+Tﬁb"U SRRT`GbcW·R7STVU WX%YRGX;n-dgw TVUf`gwU>S%U T·oRT¾R/X oGX%R/b@U>R
Y{Wn<npR:f

s X\SRd.USWXGSR/b"X%RŁw>]:n8]+Tﬁb"U>SR TﬁbW@U>YSW@XG^@U TVU>W@X%YMYdgb^.R7YTﬁbc]kX%YﬁU TVU WX%YMjgbF]%Y{T·YMWX+T}oT·o
U|n-`vW.YoR7YC`.Wdgb9w R7Y'^.R/d7hX%W+j7]kd7h\]	ﬂX\^.RŁbc]kX%vR/b¯w R7Y ou%o/X%R/n'R/X+T·Y
 SGG]d%R<l$W@U Y w R7Yo0SG%RGw|w R7Y8^.RY
X%Wn<GbcR7Yr^ou%o/X%RGnpRGX+T·Y&X%REY{WX+T`G]GY6UfXG^@Ud%o7R7Y?`gd.U>Yd%R w RY³^.WXgX%oR7Y³SWgb4bcRY`vWXG^g]gX+T³]gd7hZ^.R/d7h
X%W+j7]kd7h¦WX+TJoT·o\X%Wkb"n8]gwU YoR7Y
yQyEyz~|,z &' E E0   'E














©0 ©O¬¯7¦¬±Q°M¥9 © ¬±¥ ©vQ<
}














l$W@U>Y¦^.REw>]´G]kXG^.RP ^d´X%W+j0]gd 198 ~ 4RGXÁG]gd+TDRT-Y`.R0STﬁbcRY\SWXG^@U TVU>WXgX%oYDTﬁbcW@U YDl$W@U Y^.R7Y^.RGd7h








SWn<`G]/bc]gU YWX ®w R7Y;n/n'R7Y;G]kXG^.RYT·R/ww R7Y d%RX%Wd%Y ]+u%WX%Yp`gdŁw R7Y;n'RTsTﬁbR-RGX¦ou.U>^.R/XGSR-RGXŁUfn<`.WvY]gX+T




























ﬁﬀﬂ	ﬃ! 	"$#%ﬀ&'ﬀ!#)(*+  $ﬁ,-./ﬀﬂﬁ,,0(01ﬁ2ﬁ34#+5627ﬁ,8+	95:,;ﬁﬀ
2+*%$ﬁﬀﬂ 7<1=>(/ﬀ?56#@;A#)	"$B()CD*%
/ﬁ@	"#+ﬀE#@ +	(01# FG
®­»7©O¬­¥7 °7¬®'¥¨¤.¥¦£°~¥D®­»vG¨¥¥®¥±¨ ¯C!¤. °p4­C©O¨{©/¨)­¥<±¯©O¬¯'¥.D.¼K ×109 ¬!¶ ¥E< ¥8£{©O¨¥7
I
£{©O¨¥aD.¼ ©/¥±¥D¨Q°©v}¯0¼ ¥f¯  ­L'¤2¨l¯;f¯V ©v­¬
©
¨G¥c©vr¨¤+¨l©/ 197 ? £ ¥±¯8«©®¯­°¤2¬­¬À¥®¥ I £{© ¨¥


















¦© £{© ¨¥r¨Q°©/~¯\µ@¶ ¥ 197 ? £ ¥f¯¦¥³­©E£{©O¨¥r{© °~¯¥±¨{©O¬°­¥:¥³­¬
©
¨{© ¯°­¥§¥7}¯{©v³ ¥ D./§
Bo9¦¥Ł °¤O Ł­C¬¨ ¯­¥G¨~¬¯E¥ G¥³£{©O¨ ¥7r¤O¨ ¯.©v­¬ ½f¯°­¥?±¯­¥G°¥®¬¨7;°ºk®­C ¥?£{©v~¥7







 ¥±¨´G¥\ºk¬7¤2¨G¥G°~¨¥:¦¥7;£©O¨¥§D ¥f¯g6 ¥ 197 ? £




#ﬂﬀ%$ &ﬀ('()*+ 	&	,-"./01ﬂ!#ﬂ23 -"456*7&!8ﬁ	9!68&:!6
;<ﬂﬃ "=-"ﬀ>	&!	&.ﬂ./@?A B.ﬂDC#8&ﬀ>E-DA?A1ﬂ"FEﬂ8&	9ﬀ&.GH!?I.E!?I?Iﬁﬀ-"I/J>	ﬂ./ﬀ6.ﬁ&@-3K L>&&;
LNM O&'QPSR
TUT
 v2V,Vﬀ!	4	"$#%ﬀ  = Av2V$ﬁﬀ! <+	2ﬁ,7( 
	4	",

	Lﬁ¬K<N  ]ggw R7]kd\bco7S7]g`.U Tﬁdgw ]%TVU lSW@XGSR/b"XG]kX+T'w RY8G]kXG^.RY P ^.R 197,198 ~ ¦^.o  SWXgXgd%RY']+uG]gX+T
X%WvTﬁbcRroTﬁdG^.R]+u%R0S w||]%Y{YU XG]%TVU WX Jw REX%Wn</bR6^.RrTﬁbc]kX%YﬁU TVU WX%Y¯w R³Y`.UfX RY{TVU|npo^d´`GbcR/nCU>RGbMoT{]+T-P
^|]g`Gb 7Y^.R`Gbco0So0^.RGX+T·R7YoTﬁdG^.R7Y RTpw RYMo/X%RGbc@U R7Y^.R7YTﬁbc]kX%YﬁU TVU WX%YMR/X ﬁR   s
197 ? £ 198 ? £
£{©O¨ ¥§D £{©O¨ ¥N £©O¨¥ D


















































































































































































ﬁﬀﬂ	ﬃ! 	"$#%ﬀ&'ﬀ!#)(*+  $ﬁ,-./ﬀﬂﬁ,,0(01ﬁ2ﬁ34#+5627ﬁ,8+	95:,;ﬁﬀ
2+*%$ﬁﬀﬂ 7<1=>(/ﬀ?56#@;A#)	"$B()CD*%
/ﬁ@	"#+ﬀE#@ +	(01# FG
 	  Lﬁ¬C N  Wn<GbcR7Y}RT¯o/X%RGbc@U R7YM^.RYJTﬁbF]gX%YﬁU TVU>W@X%Y 4RGX  ﬁR}^.RYpX%Wd+u%R/ww RYG]gXG^.R7Y}P_W%YRGbu%oR7Y
^.R 197,198 ~ )
197 ? £ 198 ? £
£{©O¨ ¥N2© £{©O¨ ¥Nv£ £{©O¨¥ l© £{© ¨¥ﬀ.£ £©O¨¥ O© £{© ¨¥ G£




































































































L D ¤¬ 
I
B2L   B@¬C£
I
T
















































































































































































&' E E y  'E VE,  ﬃQŁ3  ,'}'	 ,  '

ﬂ
¨?M¥;±¥7¯°¤2¬M£©O¨¥7¼ ­¬¡<¨¤v2¥¦¥M£{©O¨ ¥7 ¤2¨l¯±¯V;77¤v2¥±°~¯¥ ¥±¨?°­© ¯¬ºk{©O¨l¯
¦©¦°¤)7°­¥<¥c°­¥ﬁ«¥G°ﬁ«¥D{¨)~¯V¥q©¯¬ºk¥Cºk¥c¨¤. ©0v¤2¨7±°­¬¯­¥ ©vﬁ«{©v¬¯°­¥C°77¥±¨ ¯7¬


























798<!"# 8; $9 / &!#=-"ﬀ=	&D ﬂ!# /	9./ &
∆ :
*ﬀ 8&; $ &ﬀ=ﬀﬂ!66 ﬂﬀA0 ?ID<2S	9!6#ﬃ5 3*
	9!68&E<;6C68%	&DII-" 	&?I"F%$9 Aﬂ 8&.>=- K .&ﬀﬂB6
:





















HJIFKMLﬁ¬<N6P!`vR0STﬁbR7YMSWXG^@U TVU WXgX%o7Y}^.R7YX%Wd+u%R/ww R7YG]kXG^.RY^.o7SWd+u%RGbT·R7Y bW@U>YJSW@XG^@U TVU>W@X%YJWX+T¯oT·o
^.R/np]kXG^.oR7Y}`vWdgb®w R7YY`.R7STﬁbR7Y9^.R7YJG]kXG^.RYg]  /.]RT @)~@Wdgb®w RYJG]gXG^.R7Y 	v]RT 	@ kw RY1Y`.R0STﬁbcRY
WX+T9`gd TﬁbcRMW@+T·R/Xgd%Y1RGX<U|n-`vW.Y]gX+T dG]%TﬁbRMSW@XG^@U TVU>W@X%Y7

 U|X%YRGbT R/XCG]gd+T RY{T¯dgXW)Wn Ydgb®w R7Y}G]gd+T·R7Y
o/X%RGbc@U R7Y;`.Wdgbn'WX+TﬁbR/b9w>]¦Y{o/`G]/bc]%TVU WX¦RGX+TﬁbcRw RY8G]kXG^.RY @¦RT	)
Ä}¤.¥:¥®¥¯¦¥¯¥Ł¤O¨ ¯­°­¥¯«©
©







©02¥ 196,197,198  «L[¥±¯ α I
©0O¥7 194 
©
Lf¯ ©O¬¥G¨l¯9¤.O¥G°~¯­¥7¯¥Ł½¥®¥ © ¬£¥§
¥®¥±¨l¯
I


























 ﬁﬀﬂ	ﬃ! 	"$#%ﬀ&'ﬀ!#)(*+  $ﬁ,-./ﬀﬂﬁ,,0(01ﬁ2ﬁ34#+5627ﬁ,8+	95:,;ﬁﬀ
2+*%$ﬁﬀﬂ 7<1=>(/ﬀ?56#@;A#)	"$B()CD*%
/ﬁ@	"#+ﬀE#@ +	(01# FG































































¦¥ª¯­°©O¨~¬¯­¬¤2¨cD lB  ¥
Qﬂ¤.° 197
?


















0¤2¨¥G¨ 7¤.¥: ¯©v£¬¬~¥ £{©O¨ ¥7¨¤+¨l©/E< 197,198 ? £{L¬

























1005 keV (    Pb)197








HJIFKMLvﬁ¬KB N\Pﬂ`.R0STﬁbcR SWXG^@U TVU WXgX%o 	'l$W@U Y^.R'w>];G]kXG^.RMP 	v]'^.WX+Tw R7Y1oGX%R/b@U>RY1^.R7Y TﬁbF]gX%YU TVU>WX%Y YWX+T




]g`.RGb W)U T R/XŁSW	sXGS%U>^.R/XGSR]%u%R7S:w ]G]gXG^.R¦P w R7Y-bc]gU R7Y
 ^.R7YCU>Y{WvT·W`.RY8^.Rr`gw Wn<:^.WX+T;w RY'uG]gw R/dgbY
Y{WX+TM^.W@XgX%o7R7Y ^g]gX%Y8w R;T·RﬁhGT·R<RTM^.RGd7h¦Tﬁbc]kX%YﬁU TVU WX%YMjgbF]%Y{T·Y   ]g`g`G]/bT·RGXG]kX+T]kd7hŁX%W+j0]gd7h 197,198 ~ )
Ã ©/«¥°­¥­¥¥®¥±¨ ¯7¼ «©- © ¬£¥ ¬¦¨l¯­¥G¨~¬¯Vp¥7M£{© ¨¥7¼ 4­ ¬¥:!¤O°~¯ © ¨ ¯J£°¬¯}¥8$¤2¨¦«©  ~¬¤2¨




 J ¨{©O¨ 197 ? £ ¥±¯, ¨©O¨
J
 v 2V,Vﬀ!	4	"$#%ﬀ = Av2V$ﬁﬀ! <+	2ﬁ,7(
	4	",

	L ﬁ¬ N  X+T·RGX%YU T·o?bcRGw>]+TVU u%R:^.R7YX%Wd+u%RGw|w R7YG]kXG^.RY<P `G]/bbF]g`g`.WgbT

SRGw|w R7Y-^.R7YG]kXG^.RYCP


































197 ? £6§¯£{©O¨ ¥N ¤2£ I BOL  §









°­¥«© ¯­¬2¥M¥CG¥'£{© ¨¥7{©O°°­©vﬂ¤2°~¯ª±¥7¥7 ¥£©O¨¥8µ¶¸¨Q°©v}¯V ¥ ¨¤+¨2©vE< 197,198 ? £®¬
¡




2¥±° LM¨G©O¨¥:¤2¬¦¨¼¨¤. ©0v¤2¨  © ¬¦°­¥; ¨¥c¥7~¯­¬¥®© ¯¬¤2¨6¥C4­ ¬¦¨l¯­¥G¨~¬¯Vx°~¥7¦© ¯¬±2¥;¥CG¥'£©O¨¥










©¯¥7¬®­ ¬¦¨l¯¥±¨­¬¯V°~¥7«©¯¬O¥D¥ﬁ«©v7¨ ¥¥7 ¯­°©O¨~¬¯­¬¤2¨ ©r±¯§
¯¥±°¥§¬¦¨±¥q¥G¨_¤.¥:{©O°© ¨ ¯D¤2¨0¨¤.¥¦£°~¥³¥³¤.a?G¥7¬} ¥³«©A¯°© ¨­¬¯¬¤O¨ «©?-°¤)ﬁ«¥.¥±¨
G¨¥±°
©
¬¥D¥p£{© ¨¥7;µ¶i¨Q°©v}¯Vp ¥ 197 ? £r¥±¯ 198 ? £  ©v7< ¥¦«©\¥Ł½¥®¥<¥®©O¨¬À±°­¥/¬!'¥' ©v¦¥°
°­¥±¨ ¯G¥:©O¨¦¥§¯©v£¦¥G©vÂﬁ¬ E¤O¨ ¯¦¦¥7< ©v¦¥°-¥Ł¤+¨2¥±¨¨±¥7 °¦¦¥-±¨¥G°
©
¬¦¥¦Â¦© ¯¥G©v®¬













¯°­©+ ©O¬¥G°M °'ºk{© ¯­°­¥-®­C¥±¨l¯°­¥N¥7¥7¼ ¦¥7'£{©O¨ ¥7 O©¼	v£®¼«©\£{©O¨ ¥ l©§¥±¯'«©\£{©O¨¥O©¬ﬂ¶ ©O¨p«©
¢7¤2¨ ¥ ¥¥®©v­¥M¢ ∼ D ¤ I ·¬O¯©v£¦¥G©vﬁ¬ BOL¼2¬¥7}¯J£ﬂ¤2¨\¥]°©/¥¦¥±°1ºk¥'"­C¬¨l¯¥G¨­¬¯®­»¨¥ £{©O¨¥
µ¶¥=<@G¬¯G¥C®­»¨¨¤+¨l©v?{©O¬¦°·§s{© ¬¦°o¨­C¥=<À7¥-ºk¥ ¯­°Àª°­©O°­¥¥®¥±¨l¯'ºk¥ºk¥'ﬂ¤.°G¥G¨l¯'ﬂ¤.° ¥
¥f<@G¬¯ © ¯­¬¤2¨[¬¦¨¬Q¬¥7¦¥7T¥±¯ © ¯­¯­¥G¬¦¨l¯ ∼    ©O¨1¥} ©/®­C¥=<@G¬¯© ¯¬¤2¨ 7¤.¦¥7f¯¬±2¥7 I {© °V¥f<E¥7¥:¥
!¤v° ¥7 Q¬£°­© ¯¬¤2¨M¤)±¯V!¤.¦©O¬¦°~¥7L¬¢ 2¥D¥ ¨¤%¨2©vE<¬¥:{©O¬°¼{©O¨'¥7M ©/ ¬¥Ł¬ºk{©O¨l¯M ¨¬±§
ºk¥7¥§¥G¨l¯«©¦°¤.¥:¤O¯¬¤2¨³®­»¨¥C{©O°}¯¬7¥p ° ¨¥;¤2°£ ¬¯¥;ﬂG°­¬¥7°~¥;©O¨£ °­¬°­¥; ¥;{©O¬¦°~¥v¼¤O¨







 ¦©6£{©O¨¥\¨Q°©v}¯D ¥ 198
?
£®¼&+ &"&ﬀﬃ+ + " + &" &&	()" "*ﬂ,( 'ﬃ!+, $&#" 1&()&$&#"  (  ' )1
( &+ (	  197 










 ﬁﬀﬂ	ﬃ! 	"$#%ﬀ&'ﬀ!#)(*+  $ﬁ,-./ﬀﬂﬁ,,0(01ﬁ2ﬁ34#+5627ﬁ,8+	95:,;ﬁﬀ
2+*%$ﬁﬀﬂ 7<1=>(/ﬀ?56#@;A#)	"$B()CD*%
/ﬁ@	"#+ﬀE#@ +	(01# FG
 	  Lkﬁ¬KB'N  X+T·RGX%YU T·oCbR/w ]%TVU u%R'^.R d%RGwd%RY G]gXG^.R7Y1PZRﬁhvS%U T·oR7Y¯^.R8w>]<bco7)U>WX' ∼   `G]/b bF]g`g`.WgbT

SRGw|w RY^.R7YJG]kXG^.RY1P&jgbF]%Y·T·Y}bcRY`vR0STVU u%R7Y  RJT"jg`vRM^RﬁhvS%U T{]%TVU WXYdgb w R d%R/w0YWX+T9+TVU>RYSRY}G]kXG^.RY
RY{T}o7g]gw RGnpRGX+TpUfXG^@Ud%o.





§¯£{©O¨ ¥gA@¡D2DGF ∼   ¥f<@G¬¯ © ¯­¬¤2¨§¦ºk{©v­¬ §s{© °~¯¬7¥7
192 
©
§¯£{©O¨ ¥N@¡D  F ∼ J  ¥f<@G¬¯ © ¯­¬¤2¨§¦ºk{©v­¬ §s{© °~¯¬7¥7
194
?





F ∼   Q¬£°© ¯­¬¤2¨6¤)±¯ﬂ¤.«©O¬°­¥
194 
©
§¯£{©O¨¥gA@D )¼'D PF ∼ 2B  Q¬£°© ¯­¬¤2¨6¤)±¯ﬂ¤.«©O¬°­¥
196 ? £§¯£©O¨¥g@D ¼'DPB)¼	BOJPF ∼   Q¬£°© ¯­¬¤2¨6¤)±¯ﬂ¤.«©O¬°­¥





@C2F ∼   ¥f<@G¬¯ © ¯­¬¤2¨AD<ºk{©v­¬ ©O°~¯­¬7¦¥
195  §¯£{© ¨¥ A@D ¤F ∼ B  ¥f<@G¬¯ © ¯­¬¤2¨AD<ºk{©v­¬ §s{© °~¯¬7¥
¥c°¤O¯ © ¯­¬¤2¨6 ¥<±¥7 £{©O¨¥7¼ﬂ¥7]¬¦¨l¯­¥G¨~¬¯VM¤.£~¥G°vG¥ ¨¥C	¥G°¥§¥±¯~¯ ©O¨l¯{©v ¥x¯­°©O¨ﬁ« ¥G°7¬
  + # 'ﬃ" $
	#ﬀ'ﬃ!




































































 −1 L;°7­¥±¨l¯¥r"­K©0 ©O¨l¯ ©
©
¥Ł ¥®¨¥Ł{©v<7	¥G¨°­¥


























R7YŁnpWn'R/X+T·Y¦^ U|X%R/bTVU R ^vjgXG]knCU d%RY¦^.R7YŁX%Wd+u%R/ww R7YŁG]kXG^.RYSWn<`G]/bo7Y

SR/d7h ^.R7Y
G]kXG^.RY POjgbc]GY·T·Y ^.R7Y8X%W+j7]kd7h 196,197,198 ~ )
1






¯¬¤2¨¥C«©D °ºk¥G¨±¥D¥c°¤O¯ © ¯­¬¤2¨r¥7¬¹!G°~¥G¨l¯¥ £{©O¨¥7¬
¶ ©O¨¯¦¥MG©v¯¥7¯£{©O¨ ¥7]D ¥f¯oC¥ 197 ? £ I ±¯©O¨l¯J£ ¯¬¥7 °J¨ ¥¤O°£¬¯ ©v¥s¬¦¨l¯°­¥[Q¨¤.2¥±°­°¤O¨
{©O°6¦© ¬¯¥ ºk®­ ¬'7­C©
©




L¼J¦¥7 °³¥Ł¤v¥®¥±¨ ¯³®­C¬¨¥G°}¯¬¥ ¥G¨m$¤2¨f¯¬¤2¨m¥ «©





 −1 !¤. ° ¥7  °7ºk¥±¨G¥ ¥G¨l¯­°­¥ ¼Dc¥f¯
¼ ´Ã¥
cL ¥±¯ ©E ¨¥r ©v¦¥°©/£¤.¥.©/­¥±¢67¥.±¥v¬1s¥7}¯­¬¥®¬«©O¬°­¥ E±¥7E<Â¥7¦£©O¨¥ 2©¥f¯
v£®¬ksM¥f<E¬}¯¥'
©
©v¥7¥§¥G¨l¯ ¨¥ª¯°À¯$¤O°~¯¥ª°­¥~¥7¥¦£¦©O¨±¥ ¥G¨l¯­°­¥p¥79¥:¤.¥®¥±¨l¯V¯®­C¬¨¥G°}¯¬¥ ¥7}£©O¨¥
l©¼ .£®¼ O©¼/£r¥±¯;±¥7¬¥D«©Ł£©O¨¥D¦ ¥ 196 ? £®¬ ﬂ ¨ {¨®¼¨¤O¯¤2¨8¨ ﬂ¤.­¬£¦¥D7G°¤@ﬁ«©
©
¥¥





¨{© ¯¬¤2¨  ¥7¦£{© ¨¥72©¥f¯ v£0©v5¨¤+¨l©v 197 ? £0©02¥





 ﬁﬀﬂ	ﬃ! 	"$#%ﬀ&'ﬀ!#)(*+  $ﬁ,-./ﬀﬂﬁ,,0(01ﬁ2ﬁ34#+5627ﬁ,8+	95:,;ﬁﬀ
2+*%$ﬁﬀﬂ 7<1=>(/ﬀ?56#@;A#)	"$B()CD*%
/ﬁ@	"#+ﬀE#@ +	(01# FG
 	  L@ﬁ¬
T




¨{© ¯­¬¤2¨ ¬¨¥~¯­¬¥:;¥C«©N¯V½f¯¥C¥C£{©O¨¥  ¬¦¨ «{©v ¯ ¥C¦©\£©O¨¥


































£{©O¨¥gO© 198 ? £ D  D
£{©O¨¥g/£ 198 ? £ D   T
¥=<±¬¯© ¯¬¤2¨:Q¬£°© ¯­¬¤2¨ ¨¥7¦¥©vE¯V¤.°¯®­»¨¥p$¤O°¥§¥pµ@¶ ¨¥¥Q°© ¬¯J{©v}¥:¤)¬{¥±°¦¥7¤.¥:ﬂ¤2°~¯­¥7¥§¥G¨l¯
¥ J (2) ¥±¨&$¤2¨f¯¬¤O¨&¥¦¦©Ł °º) ¥G¨±¥: ¥°¤O¯© ¯¬¤2¨ I ¥Ł½¥®¥-«©¯¬¯¥ ¥±¯;¥:½7¥§¥ © °©O¨ ¥D ©v¦¥°






¤.°:¦¥7:¥:¤.¥®¥±¨l¯V:®­C¬¨¥G°}¯¬¥  ¥7r£©O¨¥ l©¼ .£¼¯¤O¨©Z¥?¥:½7¥§¥7¤.¥:ﬂ¤2°~¯­¥7¥§¥G¨l¯:º) ¥&!¤v°
±¥7 ¬¥Ł¦© £©O¨¥\¨Q°©v}¯D;¨¤+¨l©v {©O¬¦°·§s{© ¬¦°pv¤2¬~¬¦¨®¼ ¥§¨¤%¨2©v 196 ? £®¬ Äo¥G¬¯­¬
©
¨¬{¥\ºk¥:4­»¤2¨
© ©%°¤.E¯V.¯°À7\G¥±°~¯©O¬¦¨¥¥®¥±¨l¯Ł ¨ ¨ ¥7 ¯­°¤2¨O°\¨ ¥ ¤O°£¬¯ ©v¥.¨¤2¨@§¬¦¨l¯°­¥6 ¥ ©O°­¬¯V.¨{©¯V°~¥7¥
I












+  &ﬀ%'+   '#" #"-ﬀﬃ() " + &" &+  &"%(,+,&"2$+,	







¨6G¥;ºk¬7¤2¨±¥G°~¨¥;¦¥£{©O¨ ¥7ªO©¥f¯ª/£®¼@¤2¨¨¥8	¥7 ¯ª-G¥x¨¬±2¥ ©/6¬G°­¬¥®¬¨¥G° ¥G¨l¯­°­¥;¦¥¥E<
¨¤+¨2©vE< ºk¥<G¥<¤2¬¯]¥G¨ 7¤2¨~¬±°©O¨l¯¦¥]¬¦¨l¯¥±¨­¬¯V7]°~¥7«©¯¬O¥7 ¤. ¦¥;¥:¤.¥§¥G¨l¯ ®­ ¬¦¨¥±°~¯¬¥v¬µQ¥7 ¨
¥=<©/¥®¥±¨  ¥7 ¤2°£ ¬¯ ©/¦¥7o©v7±¥7­¬£¦¥7]¨¤v ¥±°¥§¥±¯­¯­°©¼@7¤.¥:¥§¥8¤2¨¦¥pO¥G°~°©\{©O°¦©¦¬¯¥v¼¥8 ©O¬¦°~¥
¨:ﬁ«¤2¬¡< ¥G¨l¯­°­¥G¥7¯¥E<:¤. ¯­¬¤2¨¬
ﬂ
¨q©O¨l¯­¬G¬{©O¨l¯0¼v¬¤2¨ ¯V¤.E¯J ¥'¥:½7¥§¥Mºk¥ ¨¤.9¥±¨ﬁ«¥±°¤2¨
O¥G°¨¥ ©v­¬
©
¨{© ¯­¬¤2¨6¥ £{©O¨¥  © ¥f¯ /£ 198 ? £®¬
 " 'ﬃ  ( 'ﬃ!+ 	$   "    $#" 'ﬁ'*0" $ 1&() $
(  / '





¨{©¯¬¤O¨ ¥f¯¦¥7<¬¨N¥~¯¬¥Ł- ¥7N¯½±¯¥D¥Ł£{©O¨ ¥³!¤v°
ﬁ«{©/7¨¥<¥£©O¨¥7¬










1 + bI(I + 1)−1) ¬ ﬂ ¨!¤.­©O¨l¯ J0 = ~2ab
¼v¤2¨¤v£ ¯¬¥G¨l¯
J



















































¥±¯7¼!ﬂ¤.° ¥7}¯¬¥§¥G°'¦¥<¬¨&¥¦¦©§¯½±¯¥D¥D£{© ¨¥v¼¬¾Å§°­©r¥Dv¤2¬¦°'!¤. °pºk¥7
I0
R = f(I − I0) ¥7~¯'¦© ¯ I ·¬ © °~¥7 ﬁ¬ J¥f¯'ﬁ¬C£lL¬
J
T






( ﬀ(  / 'ﬀ " (0'ﬃ+, $&  ( ﬀﬃﬀ "  
 
¨¥®©v ¯­°­¥\¥Łf¯V«¤)¥a¥~¯g¥7¥:¤+¨.±¥\!¤. °;±¯­¥G°¥§¬¦¨ ¥G°;¦¥¬¦¨Á¥ ¯½±¯¥- ¥:£©O¨¥\{©O¨
¦¥Ł ©v-­¬¥:¥Ł¤2> ¦¥7-£{©O¨ ¥7\µ¶ f¯V ¬G¥¨¥³ °7~¥G¨l¯¥±¨l¯\{©v¦®­C©v¬
©





©O°~°­¬,@CF ©/¦¬ºkG¥97¤v°©v¥:¥§¥G¨l¯ !¤v° ¦¥¾f¯ © ¯ µ¶






¨r	¥7E¯}¤O¨ ¥=< °­¬¥§¥G°9±¥p¥:¤.¥®¥±¨l¯J­C¬¨¥G°}¯¬¦¥ ¨Q¨{©/¥®¬º) ¥ ©02¥
¨ O¥7¤.	¥7¥§¥G¨l¯a¥G¨  ¬­©O¨±¥7{©O¬°­¥¦¥³¦©? °º) ¥G¨±¥  ¥°¤O¯© ¯¬¤2¨ ¬¥§¬¯V§©v_ ¥7E<E¬À¥®¥
¤2° °­¥\²












dIx = J (2)(ω)dω ¥f¯
¤2¨ ¤.£ ¯¬¥G¨l¯C²
Ix = J0ω + J1ω3 + i0
i0
±¯©O¨l¯ «©¦°¤G°~¥7f¯¬¤2¨66 ¬¦¨°M"­K©P< ¥p¥x°¤O¯© ¯¬¤2¨
Ix
D °7ºk¥±¨G¥ ¨k¥p¤O¨ ¯ ¤O¨A©§¦ °­¬¤O°­¬
©v¨m¥Ł¤+¨O¥G¨ ¥?7¤2¨ ¨{©9¦¯­°­¥ «©´O©/¦¥7 °7¬

¨q © !¤v­¥G°rº) ¥v¼¯{©O¨³¦©Á{© °~¯Ł¥7³G©v7¼¯«©





I(I + 1)−K2 L






(J0ω + J1ω3)2 + K2 + 1
4
¬
µE¬4­»¤2¨ G©v¦¥ ¦¥  ©v±¯­¥7°
R
©+O¥7&¥7®¥f<@°­¥~¬¤2¨r¥7r¥Ł¤.¥§¥G¨l¯r®­ ¬¦¨¥±°~¯­¬¦¥ G¬¦¨7¥®© ¯¬º) ¥¥f¯








1 + J1J0 ω
2 + i0J0
)
















¨¥¥®¥±¨ ¯ ; °7ºk¥G¨G¥ ¨k¦¥ ©v¦©O¨l¯ s
i0 = 0
LV¨¥7	¥G¨ °©










 ﬁﬀﬂ	ﬃ! 	"$#%ﬀ&'ﬀ!#)(*+  $ﬁ,-./ﬀﬂﬁ,,0(01ﬁ2ﬁ34#+5627ﬁ,8+	95:,;ﬁﬀ
2+*%$ﬁﬀﬂ 7<1=>(/ﬀ?56#@;A#)	"$B()CD*%
/ﬁ@	"#+ﬀE#@ +	(01# FG
RSRSR U  R_a`S^sY[pY Zs`Tbc`Sdfeg_  egw^]b w  e§h^/h^/toegwApAi±b	 ^^]_a`'Y[^
i±^]\h^




¬¤O¨?¥ ¬¤O¯¤.¥ ¥D¤.¥¦£ 	¥G°$¤O°¥:7ª¥G¨ °­©v	¥7«© ¨ ¯ºk¥-¥7
£{© ¨¥7¨Q°©/~¯V ¥f¯ ¥f<@G¬¯VG¥Ł¤O¨ ¯\·°­ ±¯ ¥§¬~¥7¥±¨qQ¬¥±¨G¥{©O¨:¥7a¨¤+¨2©vE< 192−198 ? £ I ¡
¥±¨ ¯­°­¥D2D ¥±¯®D2D
T
L¬ ¶ ¥-£©O¨¥µ¶ ¤2¨l¯Df¯V\¤.£~¥G°{.G¥¦{©O¨-¥7c¨¤+¨l©vQ<Á¥Ł¥§¥G°7°~¥
I
©0¨l©O¨l¯







197 ? £®¬ m¨l¯¥±°°±¯¥±°¦G¥D£{© ¨¥7-­¬
©
¨¬¥G°©¥±¨Â{©O°}¯¬¦¥\f¯¥±°¥§¬¦¨¥±°<°Dºk¥ ¯s¨)	¥r®­»±¯© ¯g¥f<@G¬¯V
¥¦¥9¤2¨l¯J£{ ¯¬¥7¬Ä}¤v¥Ł¥§¥ ¤2¨r"­K©;s°­<)³¤O°9¥«©C°­¥G¨l¯© ¯¬¤2¨r¥¬¨l¯¥G¨­¬¯7°­¥7¦© ¯¬±2¥
I
v¬ ·¬




N ¥7a¥=<±¬¯© ¯¬¤2¨a¬¦¨¬Q¬¥7¦¥7D¤2>q¥7£{© ¨¥7rµ¶$¥f<@G¬¯VG¥Ł	¥7@2¥G¨l¯Ł½±¯­°­¥ 7¤2¨}¯°¬¯­¥7






N ¥7 ¥f<@G¬¯ © ¯­¬¤2¨7¤v¦¥±¯­¬2¥p¤2>E¦¥7'£{©O¨ ¥7Cµ¶¥f<@G¬¯VG¥;¤2¨l¯;£ ¯¬¥7°8¥7'¥Ł¤)¥7'¥
Q¬£°© ¯­¬¤2¨  ¨¤+¨l©v 	¥G°$¤2°¥Ł/¬
?
¤.° ¯V¤.r¦¥\ ©vŁ¤.£­¥±°v7³{© ¨r¦© ¢¤2¨¥ ¥7





	#%ﬀZ;#)(*%(Ł56#);C 7#)(7 F@;ﬁﬀﬂ	" $ﬁ,8g2V,; sﬁ7	·2 ﬀ!	ﬀ,B(k
+	 #  $7 +	"3




ﬀﬃ/#$&  'ﬃ!+, " '
&/ﬁ+ﬀ
  &#" $&#" +ﬀ1  '( !0"%$&"  +, !1 !#"
?






!¤O¨{©O¨l¯]©vQ<q¨¤%¨2©vE< 197,198 ? £®¼)¤2¨A©DE¯¬¬¥7J ©v7o¥¹¥7f¯VM° 196 ? £6©O°  ¬ " ©v{©O¨
¨\$¤2°¥®©v¦¬¥§¥
 





©v¥®¬ @CBO£@¼	B ¤ F4¬

































{©O°~¯­¬¦°1­¨ ¥ °7ºk¥G¨G¥p ¥ª°¤O¯ ©¯¬¤O¨¥cDPB O¥











I α = ±1/2 L;¥ŁG¥±¯~¯¥³¤O°£¬¯ ©v¥a¥±¯¦"­¤O¨ ¤.£~¥G°{2¥³£¬¥G¨®¼S¥±¨ÂG¥
ºk¬¥7}¤2¨±¥G°­¨ ¥v¼¨6¥:¤.¥§¥G¨l¯J®­C¬¨¥G°}¯¬¥'¦© ¯0¬
ﬂ
¨¥¹¥±¯7¼@"­K©%°¤v ¯®­»¨¨¥ ¯°¤2¨³¥'O©/¦¥G¨G¥ -¨
C°J{©O¬¦°·§s{© ¬¦° ©<!¤. °¥¹¥f¯¥£¤)ºk¥G°¯«©C7¤O¨ 
©

















¥®¥±¨l¯ © ¯­¬¤2¨  ¥:¤.¥®¥±¨l¯p®­ ¬¦¨ ¥G°~¯­¬¦¥


















G©O¨¥:¤2¬¦¨7¼8¥7 °¯ © ¯r¥f<@!±°­¬¥®¥±¨ ¯©vE<



















 ¥±¯ ¼/¥71£©O¨¥,B ¥±¯
T
¼/¥71£©O¨¥,J ¥±¯V£ ¥±¯¦©'£{© ¨¥¤¼ ¬¦¨l¯¥±°°±¯G¥7¤.¥:¥®¥¯¥7[¥f<@G¬¯ © ¯­¬¤2¨











I α±1/2 L¼Q@KBQDPF«B ª  I α±1/2 L'¥f¯@CJ2B2F«B ª  I α = −1/2 L,@ T ¼ T D±F"¬.Ä}¤O¨G¥±°­¨{©O¨l¯¦¥7 £{©O¨ ¥7
BN¥±¯
T















I α± 1/2 L @ T  F"¬
  	&9"	9 ﬀI-"8&-D%ﬂﬃ .ﬀ:-"!		9.  8 <;	&ﬂﬂ8&:16! - K ! 	ﬂ./ﬀ6ﬃ&!#%ﬀ -D8&-D%8ﬂ!2







 ﬁﬀﬂ	ﬃ! 	"$#%ﬀ&'ﬀ!#)(*+  $ﬁ,-./ﬀﬂﬁ,,0(01ﬁ2ﬁ34#+5627ﬁ,8+	95:,;ﬁﬀ
2+*%$ﬁﬀﬂ 7<1=>(/ﬀ?56#@;A#)	"$B()CD*%
/ﬁ@	"#+ﬀE#@ +	(01# FG
HJIFKML.ﬁ¬C¤ N ﬂWd+Tﬁ.U ]gX%Y¾Tﬁ%oWgb"U d%RY9^.RpX%R/d+TﬁbWX%Y "R/XCG]kd+T¾RT ^.R dG]%YU tVX%R/d+TﬁbWX%Y "R/X<G]GY W+T·RGXgd%Y











]¯l$WkbcSR¯R !R0STVU u%R d+TVUfwU YoRJRY{T P  
 ∗

w||]g`g`G]/bU>R/n'R/X+T®R7Y·T®TﬁbF].U T·o¯]+u%R0SdgX%Rl$WkbcSRJ^.R¯Po/X.U WkbU T·o
^ UfX+T·RGX%YU T·o
Gτ = 12, 6







 ﬂ,  # '  ﬀﬃ/  # '( 
S©N¨¤O¯­¬¤2¨Ł®­C©v¦¬
©
¨¥7¥§¥G¨l¯¬¦¨±°¥®¥±¨ ¯©v ©-±¯V ¬¦¨l¯°¤@ ¬¯¥{©O°






¦¥o¥~¯©O°~¯­¬7¦¬À±°­¥¥®¥±¨ ¯ ¬¦¨l¯G°­¥­©O¨l¯¥Mﬂ¤.°1"­f¯V¥}¥£{©O¨¥7°7~¥G¨l¯ ©O¨l¯9¥¥Ł¤v¥®¥±¨ ¯
®­ ¬¦¨ ¥G°~¯­¬¦¥J
©





	#%ﬀZ;#)(*%(Ł56#);C 7#)(7 F@;ﬁﬀﬂ	" $ﬁ,8g2V,; sﬁ7	·2 ﬀ!	ﬀ,B(k
+	 #  $7 +	"3
Bande a etudier
Bande de reference
E  (I-2) E  (I)   refγ
ref

























































 °­¥´ﬁ¬D  ¬~¯­°­¥E¦©  © 7¤O¨m¤2¨l¯ 4­C©v¦¬
©
¨¥7¥§¥G¨l¯®¬¦¨±°¥®¥±¨ ¯©vp­¨ ¥Á£©O¨¥ Â±¯¬¥G°
¥~¯? ©v7 {©O°A°©v!¤2°}¯O ¨¥Z£©O¨¥´¥ °$G°­¥±¨G¥
I
¥7¥Ł¤v¥®¥±¨ ¯6®­ ¬¦¨¥±°~¯¬¥ ¥ÁG¥7 ¥E<







































¨ °© ¯­¬ºk¥/¼ﬂ ¨¥C£{©O¨¥<ºk¥77¤2¨º) ¥D©¯¬{ ©O¬­©O¨l¯0¼©O°]°©vﬂ¤2°}¯ ¨ ¥-£{© ¨¥<¥g°$±°­¥G¨G¥v¼
ºk¥ºk¥7O¥
 °À7«©°~¥7«©¯¬¤O¨ ²
Eγ(I) = (1− k)E
°
γ (I) + kE
°



































± D I 













 L-¤2°­°~¥7!¤2¨  ¥E< £{© ¨¥7:µ@¶ {© °~¯¥±¨{©O¬°­¥7D¥­¬
©
¨{© ¯V °­¥





¤. ©0.¤2¨®¥=<©/¥®¬¨³ºk¥7ºk¥7: ©v ¥ £©O¨¥:©O°~¯­¥G¨{©O¬°­¥¥­¬
©
¨{© ¯V °­¥©v{©O°~¯­¥G¨{© ¨ ¯®©vQ<




¤.s¨¤.¤.¥Ł¥§¥7J¦¬¥®¬¯V7 D ¥7£{© ¨¥7¬¨l¯¥G°·§


















ﬁ4D¤2¨ ¬© ¨ ¯oC¨q©/¦¬
©
















¥ 193 ? £@ T DGF«L¬gÄo¥G¬	¥7E¯97­ ¥f<@¦¬ §














	#%ﬀZ;#)(*%(Ł56#);C 7#)(7 F@;ﬁﬀﬂ	" $ﬁ,8g2V,; sﬁ7	·2 ﬀ!	ﬀ,B(k
+	 #  $7 +	"3
HJIFKML ﬁ¬D2DN  R7YCo/X%RGbc@U R7Y-^.R:Tﬁbc]kX%YﬁU TVU WX%Y-^.Rr^.RGd7h´G]kXG^.RY`G]/bT·RGXG]gU|bcR7Y-^.R:YU XG]%TﬁdgbR {bcRG`.o/bo7RY








 )    +   ﬂ ﬀﬃ( 'ﬃ!+, $#"-$&?/ﬁﬀﬃ# '#" 1&()&$&#"%$() "  	 
  +)'
#"  $ 	    '( 'ﬃ!+, "









°©¯¬¤O¨E¥8£{©O¨ ¥7 l©§¥±¯ .£&¤2¨l¯p¦¥7 ©v¬±§
©
















¨³{© °~¯¬7¬¦¥±°7¼2¬ ©v ¯¨¤O¯¥±°Jºk¥/¼E¥±¨
{©v©O¨l¯;¥ 193 ? £r 195 ? £®¼!4­C©v¦¬
©
¨¥7¥§¥G¨l¯]¬¨G°7¥§¥G¨l¯ ©v ¥Q¬¦¥G¨l¯p'«©¯'G¥±¯~¯¥ ¯¥G¨{©O¨±¥¥7}¯
°­¥	¥7±¯G¥N©+O¥7<¦¥M£{©O¨¥ 2© ¥f¯ .£¥ 197 ? £¬ ﬂ ¨°¥:v¼M\{©O°}¯¬°¥7 7¥§¥G¨l¯¬ ©O¨l¯<²
D.¬]¬¦¨l¯­¥G¨~¬¯Vx°~¥7¦© ¯¬±2¥;¥'£{© ¨¥7 ¥ ¤

¼
@¬ ¥:¤.¥®¥±¨l¯ ®­C¬¨¥G°}¯¬¥ ¬¥±¨l¯¬ºk¥ G¥¬  ¥<¦©¦£{©O¨ ¥C¨Q°­©v~¯¥ 196 ? £®¼












¨¥¥®¥±¨l¯Vs¬¨G°7¥§¥G¨l¯ ©vQ<6 ©v«©O¨l¯cDc¥±¯ ¼




1  +   /ﬁ'*() '      '( 'ﬃ!+,
    
  &()" 
	  ( ﬀﬃ'   "  ﬀ  	 +ﬀﬃ1  '( ! $ &( ﬀ!'*/ ( '  ﬀﬃ  !$&<()!1 !
Ω
   







 ﬁﬀﬂ	ﬃ! 	"$#%ﬀ&'ﬀ!#)(*+  $ﬁ,-./ﬀﬂﬁ,,0(01ﬁ2ﬁ34#+5627ﬁ,8+	95:,;ﬁﬀ
2+*%$ﬁﬀﬂ 7<1=>(/ﬀ?56#@;A#)	"$B()CD*%
/ﬁ@	"#+ﬀE#@ +	(01# FG
Frequence de rotation h&^ _!‘w# (MeV)























193Pb - bande 8 193Pb - bande 7
195Pb - bande 3195Pb - bande 4
[512]5/2
Frequence de rotation h&^ _!‘w# (MeV)























193Pb - bande 5 193Pb - bande 6
[624]9/2
Frequence de rotation h   (MeV)ω
Frequence de rotation h   (MeV)ω
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Frequence de rotation h&^ _!‘w# (MeV)























197Pb - bande4a 197Pb - bande4b
ωFrequence de rotation h  (MeV)
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bandes 4a et 4b
pi −1 qp (K  =5/2 )













bande yrast et bande 2
bande yrast bandes 2a et 2b
197Pb
198Pb
pi + pi −
pi −1 qp (K  =5/2 )
0 qp (K  =0 ) 2 qp (K  =2 )
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5× 10−6 ≤  I ﬂ DPL ≤ 8× 10−3
D
5× 10−8 ≤  I ﬂ DPL ≤ 1× 10−3

1× 10−8 ≤  I ﬂ DPL ≤ 5× 10−5
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tween a RPA solution and the yrast state.
The (K ,a)5(2,1) octupole state in 190Hg has significant
Coriolis mixing and the octupole phonon is aligned along the
rotational axis at higher frequency. This is caused by the
relatively close energy spacing between the K52 and the
K50,1 octupole states in this nucleus. These low-K mem-
bers of the octupole multiplet are calculated to lie much
higher in 192Hg and 194Hg, which reduces the Coriolis mix-
ing in these nuclei. As a result of these phonon alignments,
the experimental Routhians for band 2 in 190Hg are nicely
reproduced by the lowest a51 octupole state. It should be
emphasized that although the excitation energy at one fre-
quency point can be obtained by adjusting the octupole-force
strengths, the agreement over the whole frequency region is
not trivial.
Since there is no K50 octupole state in the signature
a50 sector, the Coriolis mixing is much weaker for the
lowest (K ,a)5(2,0) octupole state. The calculation predicts
that this state is crossed by the negative-parity two-
quasiparticle band n(71^ @642 3/2#)a50 at \v rot'0.27
MeV.
In 192Hg, the same kind of crossing is seen for both sig-
nature partners of the K52 octupole bands. We can clearly
see, for the lowest excited state in each signature sector, the
transition of the internal structure from collective octupole
states ~large circles in Fig. 5! to noncollective two-
quasineutron states ~small circles!. The two-quasineutron
configurations which cross the octupole vibrational bands
are 71^ @642 3/2#(a521/2) for a51 and 71
^ @642 3/2#(a51/2) for a50. The crossing frequency is
lower for the a51 band due to signature splitting of the n
@642 3/2# orbits.
In contrast to 190,192Hg, the K52 octupole bands in
194Hg indicate neither the signature splitting nor the cross-
ings. The Routhians are very smooth up to the highest fre-
quency. This is because the neutron orbits 71 and 72 have a
‘‘hole’’ character and their interaction strengths with the
negative-energy orbits become larger with increasing neu-
tron numbers ~see Fig. 3!. Therefore these orbits go to higher
energy and the energies of the two-quasiparticle bands
n(71^ @642 3/2#) never become lower than the K52 octu-
pole bands even at the highest frequency.
These properties of the K52 octupole vibrations come
from the effects of the Coriolis force and from the chemical-
potential dependence of the aligned two-quasiparticle bands.
In order to reproduce these rich properties of the collective
vibrations at finite frequency, a microscopic model, which
can describe the interplay between the Coriolis force and the
correlations of shape fluctuations, is needed.
C. g vibrations
In this section we present results for the g-vibrational
states built on the SD yrast band. As mentioned in Sec. III B,
we do not discuss the property of the b band since it is
FIG. 4. Calculated RPA eigenenergies of negative-parity states
for SD 190Hg, plotted as functions of rotational frequency. Open
~solid! circles indicate states with signature a50 (a51). Large,
medium, and small circles indicate RPA solutions with E3 transi-
tion amplitudes ((Ku^nuQ3Ke uv rot&u2)1/2 larger than 200e fm 3, larger
than 100e fm 3, and less than 100e fm 3, respectively. Note that
Routhians for the yrast SD band correspond to the horizontal axis
(Ex850). The observed Routhians for band 2 @17# are shown by
open squares.
FIG. 5. The same as Fig. 4, but for 192Hg.
FIG. 6. The same as Fig. 4, but for 194Hg.
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Rγ = 2, 327
(gK − gR)2
Q220
(2I − 1)(I −K)K2
(I − 1)2 −K2
E3γ(I → I − 1)
E5γ(I → I − 2)
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